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Abstract. We prove that the canonical dimension of a coadmissible repre- 
sentation of a semisimple p-adic Lie group in a p-adic Banach space is either 
zero or at least half the dimension of a non-zero coadjoint orbit. To do this we 
establish analogues for p-adically completed enveloping algebras of Bernstein's 
inequality for modules over Weyl algebras, the Beilinson-Bernstein localisa- 
tion theorem and Quillen's Lemma about the endomorphism ring of a simple 
module over an enveloping algebra. 
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1. Introduction 

1.1. Coadmissible iiTG-modules. Let p be a prime, let G be a compact p-adic 
analytic group, and let K he a finite extension of Qp. Continuous representations 
of G in iiT-Banach spaces are of interest in many parts of modern arithmetic geom- 
etry and the Langlands programme. Following Schneider and Teitelbaum j70j . we 
only consider the coadmissible representations of G, which by definition are finitely 
generated modules over the completed group ring KG of G with coefficients in K, 
defined below in §10.121 These group rings, under the name of Iwasawa algebras, 
play a central role in non-commutative Iwasawa theory — see, for example, |22| for 
more details. 

The category Ai of coadmissible ifG-modules is abelian and each M ^ A4 has 
a canonical dimension d{M), which gives rise to a natural dimension filtration 

M = Md D Md-i D ■ • • D Ml D Mo 
1 
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by Serre subcategories, where d = dim G is the dimension of the p-adic analytic 
group G and M e A4i if and only if d{M) ^ i. For example, d{M) < dii and only if 
M is a torsion ii'G-module, and d{M) = if and only if M is finite dimensional as a 
-fiT- vector space. So in this precise sense, d{M) measures the 'size' of the underlying 
vector space of the representation M . 

1.2. Semisimple groups. The structure of these module categories is the most 
intricate when the Lie algebra of the group G is semisimple, so we focus on this 
case. Here is our main result. 

Theorem A. Let G he a compact p-adic analytic group whose Lie algebra is split 
semisimple. Let p be a very good prime for G and let Gc be a complex semisimple 
algebraic group with the same root system as G. Let r be half the smallest possible 
dimension of a non-zero coadjoint Gc-orbit. Then any coadmissible KG-module M 
which is infinite dimensional over K satisfies d{M) ^ r. 

The invariant r depends only on the root system of G and is well-known in repre- 
sentation theory; we recall the exact values that it takes in §9.91 Thus, coadmissible 
if G- modules are either finite dimensional over K or rather 'large'. It is easy to see 
that in type A the lower bound is attained by a module induced from a closed 
subgroup. We do not know if the bound is best possible in general. 

Theorem El was inspired by an analogous result [74] of S.P. Smith for the uni- 
versal enveloping algebra of a complex semisimple Lie algebra. His proof does not 
adapt to our context because it depends on the fact that the canonical dimension 
function for enveloping algebras is just the Gelfand-Kirillov dimension and is there- 
fore particularly well-behaved. More precisely: if M is a finitely generated module 
over the enveloping algebra of such a Lie algebra g and C M is a finitely gener- 
ated module over the enveloping algebra of a subalgebra [) of g, then d{N) ^ d{M). 
Gelfand-Kirillov dimension is not available for modules over Iwasawa algebras, and 
in fact the analogous property for the canonical dimension function fails for both 
Iwasawa algebras and the completed enveloping algebras of the next section. 

1.3. Completed enveloping algebras. One way to understand the finer struc- 
ture of modules over KG is to study the connection between Iwasawa algebras and 
certain completed enveloping algebras, which are much closer in spirit to objects 
found in traditional representation theory. This connection was originally discov- 
ered by Lazard in his seminal 1965 paper |53| : we will explain it by means of an 
example. 

Let R be the ring of integers of K and suppose that K/Qp is unramified for 
simplicity. Take G = ker (SL2(Zp) — ^ SL2(Fj,)) to be the first congruence kernel of 
SL2(Zp); then the Iwasawa algebra RG can be identified with a non-commutative 
formal power series ring R[[F, H, E]] in three variables and KG is just RG K. 
Now let be the i?-Lie algebra sl2{R) — Rf ® Rh ® Re, and consider the p-adic 
completion 



of the usual enveloping algebra U{gK) of qk = sl2{K). Lazard observed that it is 
possible to obtain Uk as a completion of KG with respect to an intrinsically defined 
norm; see HI 01 for more details. The immediate advantage of replacing KG by this 
completion is that Uk is a much more accessible object: its topological generators 
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satisfy standard relations such as [e, /] — h, whereas the commutation relations 
between E and F are more intricate. 

1.4. Distribution algebras. Let G be a uniform pro-p group. Lazard defined a 
Zp-Lie algebra Lq associated to G; this turns out to be free of rank d = dimG over 
Zp and satisfies [Lq, Lq] < pLq. Letting g = ^Lq R, the completed enveloping 

algebra Uk of q is defined in the same way, and we show in Theorem 110.41 that it can 
also be obtained as a particular algebraic microlocalisation of the Iwasawa algebra 
RG. General theorems now imply that the natural map KG — > Uk is flat. The 
main problem with passing to this microlocalisation of KG however is that the map 
is not faithfully flat: there are non-zero iiTG-modules M with Uk ®kg M = Q. 

In a series of papers including |5H1 HH IZHl IZI] Schneider and Teitelbaum study a 
class of rings that they call the distribution algebras D{G, K) of a p-adic analytic 
group G. From an algebraic viewpoint, these rings can be defined as the projective 
limit of a sequence of Noetherian algebras ~ 13 ^^-^(G, if ); here w can be 

any real number ^ 1 and is the completion of KG with respect to the degree 
function deg^, which is characterised by the property that its value on p is w and 
its value on each of the standard topological generators of RG is 1. Schneider and 
Teitelbaum prove in [70l Theorem 4.11] that the natural map KG D{G,K) is 
faithfully flat, so D{G,K) is in some sense better than Uk = Di. Unfortunately, 
D{G,K) is almost never Noetherian; we finesse this difficulty by never passing to 
the projective limit D{G,K). As we explain in Theorem 110.111 the essense of the 
proof of TOl Theorem 4.11] is that for any given non-zero finitely generated KG- 
module M, the base-changed ZJ^-module D^^ ®kg M is non-zero for sufhciently 
large w. 

1.5. Prechet-Stein algebras. We focus on the algebras D^j where the parameter 
w is an integral power of p, w = say. The advantage of doing so is that Dpn is 
more understandable algebraically: it is closely related to a certain crossed product 

UZ<*G/GP\ 

where Un.K is the subalgebra of Uk obtained by completing the Iwasawa alge- 
bra KGP of the open subgroup G^ of G with respect to its intrinsic norm; see 
Proposition 110.61 and also [32 for more details. We suspect that in fact Dpn is iso- 
morphic to this crossed product, but we will not need to prove this: our Corollary 
110.111 essentially implies that to prove Theorem |^ above it is enough to prove the 
corresponding result fThcorcm lQ.lOp for each of the algebras Un,K- 

In a recent preprint 66J Schmidt has studied the projective limit of our Un.K, 
the so-called Arens-Michael envelope of the enveloping algebra [/(g^). Both the 
distribution algebras D{G, K) and the Arens-Michael envelopes studied by Schmidt 
are examples of what Schneider and Teitelbaum call Frechet-Stein algebras. Our 
work on the structure of completed enveloping algebras in this paper may be viewed 
as an in-depth study of local data for these Frechet-Stein structures. 

1.6. Non-commutative afRnoid algebras. It turns out that as a if- vector space, 
Uk is the set of restricted power series in a free generating set for g: suppose that 
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Ui, . . . ,Ud is free generating set for g as an i?- module; then 

= < ^ XaU" : Xa&K and Ac — > as |q;| — ^ 00 

where u" denotes the product ■ ■ ■ u^"-^ . In this way IAk can be identified as 
a /C-Banach space with tlie Toie algebra K{ui, . . .Ud) in d commuting variables. 
Tate algebras form the basis of rigid, or non-archimedean, analysis; one views this 
particular Tate algebra as the algebra of rigid analytic functions on the unit ball 
0* = Homi{(g, R) of the iiT- vector space q*j^ = iiom.K{QK, K). Thus we view Uk as 
a rigid analytic quantization of g*, analogous to the usual way of viewing U{qk) 
as an algebraic quantization of . 

The subalgebras Un,K of Uk mentioned above have the following form: 
= S X] • ^a&K and p~"'"'Aa — > as |q!| ^- oo 

and can therefore be identified with the Tate algebras K{p"'ui, . . . ,p"'Ud) as K- 
Banach spaces. We may therefore view them as rigid analytic quantizations of 
larger and larger closed balls q* C p~^g* C p~^Q* C • • • in g^ with respect to the 
p-adic topology. Thus the collection {Un.K : n e N} together forms a quantization 
of the rigid analytification (gj^ of the K-variety q*^^. 

The gluing of these closed balls should correspond algebraically to taking the 
projective limit of the affinoid algebras and thus we recover the Arens-Michael 
envelopes of U{qk) studied by Schmidt. 

1.7. Tate-Weyl algebras. It is well-known in non-commutative algebra that the 
Weyl algebras C[xi, . . . ,Xm,di, . . . , dm] are more tractable objects than universal 
enveloping algebras U{gc), and frequently influence their structure. In our setting 
we can form the standard p-adic completion 



oo 



Ak = I ^ Xai3X°'d^ : Xai3 & K and A^^ — >0 as \a\ + \l3\ -J> 

of the Weyl algebra K[xi,. . ., Xm, di,. . . , dm] with coefficients in K, and consider 
analogous subalgebras 

= < Yl ^«/3^"^^ e : p-"l^lA„/3 ^ as \a\ + |/3| ^ oo 

enjoying certain stronger convergence properties. Wc tentatively call these the 
Tate-Weyl algebras and view A„.k as a quantization of the rational domain 

Yn■.= {{Cl,...,UXl,■■■,Crn)eK^"'■.\^^\^^^ and |C.Kp" for aU i} . 

More generally, let X be a smooth i?-scheme locally of finite type with generic fibre 
Xk, and let Xq C X^" be the unit ball inside the rigid analytification X'^ of Xk- 
Let {T*X)o C [T*XkY^ be the corresponding cotangent bundles and consider the 
rigid analytic variety 

Yn -Xo Xx-p-"(T*X)o. 
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By patching together appropriate microlocahsations of Tate-Weyl algebras, we ob- 
tain a completed deformation 'Dn,K of the sheaf T) of crystalline differential oper- 
ators on X] this is a sheaf on X which is now only supported on the special fibre 
X},. Just as in ijl.6l above we view T>n.K &s a quantization of the rigid analytic 
variety K„ and then the collection {Dn^K ■ n S N} together forms a quantization 
of Y := Xo xx»" {T*Xk)''" = uy„; see g33] for more details. This is broadly 
analogous to the usual way of viewing the sheaf of differential operators T>k on Xk 
as an algebraic quantization of T*Xk- 

1.8. Characteristic varieties. It is possible to associate to each coherent sheaf 
Al of I?„.K-modules a characteristic variety Gh{M.). Because of the nature of 
these rigid analytic quantizations we have to be a little careful in the definition of 
Ch(7W); since any reasonable filtration of T>ri,K has an associated graded ring in 
characterstic p, Ch(A^) is effectively forced to be an algebraic subset of the spe- 
cial fibre T*Xk of the cotangent bundle although ideally it should be a subset of 
Y . This causes us a number of problems. For example Gabber's Theorem on the 
integrability of the characteristic variety [53] can be used to give another proof of 
Smith's original theorem, but we cannot use this result because it is heavily depen- 
dent on characteristic zero methods and does not directly apply to our completed 
enveloping algebras. 

1.9. Arithmetic I?-modules. The sheaf Vq^k, and in particular the Tate-Weyl 
algebra Ak , was studied before from a slightly different viewpoint by Berthelot in 
[12j . In fact, Vq.k is essentially Berthelot's sheaf ^x^q of arithmetic differential 
operators of level zero on the formal neighbourhood X of the special fibre Xk in 
X] the only difference between our approaches is that we view T^n^K as a sheaf 
on X supported on Xk for simplicity, and do not mention formal neighbourhoods. 
Our second main result is a p-adic analogue of the classical Bernstein Inequality for 
algebraic I?-modules. 

Theorem B. Let An,K be as in m.7\ and suppose that M is a finitely generated 
non-zero An, k -module. Then 

dim Ch(M) ^ m. 

Berthelot has proved a version of the Bernstein Inequality for F — Q-modules 
in [131 Theoreme 5.3.4]; our Theorem IbI can be viewed as a generalization of his 
result in the case when X = We do not consider the arithmetic differential 
operators of higher level 'Si^xfy this paper; our sheaves T>n,K should be viewed as 

a deformation of the level zero arithmetic differential operators i^^Q. 

Close to the end of the preparation of this paper we discovered than Caro has 
removed the Frobenius condition from Berthelot's result in His proof is rather 
different to ours. Like Berthelot, Caro does not consider our algebras An.K for 
n > 0. 

1.10. BeiUnson-Bernstein locaUsation. Let G be a split semisimple algebraic 
group over R with i?-Lie algebra g and let X be its fiag-scheme G/B. We show in 
^ that the analogue of the Bcilinson-Bcrnstein Localisation Theorem [5] holds in 
our setting. 
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Theorem C. Suppose that X is a dominant regular weight. There is an equivalence 
of abelian categories between finitely generated Un.K-^odules with central charac- 
ter corresponding to X, and coherent sheaves of modules over the sheaf I?^ ^ of 
completed deformed twisted crystalline differential operators on X . 

Part of this result is essentially due to Noot-Huyghe in [61j; she established the 
equivalence of categories between coherent sheaves of I?q ^-modules and finitely 

generated modules for the ring of global sections of 2?q ^ . In many places our proof 
of this part of Theorem [C] follows hers although the presentation is sometimes a 
little different. However she does not explicitly compute the ring of global secitons 
in her paper. We do so following the ideas in [Tl] . 

We also prove that the rigid analytic quantization construction sketched above in 
ijl.Tl is compatible with Beilinson-Bernstein localisation; this means that just as in 
the classical case of complex enveloping algebras one can pull back the characteristic 
variety of a t<^„,_R- module from to T*Xk along the Grothendieck-Springer map 

and study the corresponding j^-module instead. 

After Theorem|Bl this effectively reduces the proof of Theorem[X]to the following 
analogue of Quillen's Lemma [65 for classical enveloping algebras: 

Theorem D. Let M be a simple Un,K -'module, let Z be the centre oflAn,K, o,nd 
suppose that n > 0. Then M is Z -locally finite. 

Theorems |B] and |D] and the computation of global sections in Theorem [C] may 
be viewed as the main technical contributions of this paper. We do not believe that 
the restriction on n in Theorem [D] is really necessary. 

1.11. Future directions of research. This work raises a number of possibilities 
for future avenues of study. First it suggests that further study of the representa- 
tion theory of the completed enveloping algebras Un,K might be fruitful for better 
understanding the representation theory of Iwasawa algebras. Although current 
knowledge suggests that there are very few prime ideals in the Iwasawa algebras 
KG, there are plenty in Un,K a-nd a classification of primitive ideals in these latter 
algebras looks to be possible and may well influence the structure of coadmissible 
iCG-modules. Similarly, attempting to define a version of the BGG category O for 
completed enveloping algebras is likely to have important consequences if successful. 

Although we have only used our techniques to study the canonical dimension 
function it seems plausible that they might also be useful in attempting to better 
understand other invariants such as the Euler characteristic of [23]. 

It also seems worth further pursuing the study of I?-modules on rigid analytic 
spaces. In this paper we only really deal with spaces that are locally polydiscs; it 
would be interesting to attempt to develop a more general theory. 

1.12. Structure of this paper. In sections 2 and 3 we recall some standard re- 
sults from non-commutative algebra and define almost commutative affinoid K- 
algebras. In section 4 we develop the theory of crystalline differential operators 
on a homogeneous space defined over an arbitrary commutative ring; we suspect 
this is well-known to experts but we could not find a good single reference in this 
generality so we include it for the sake of those from another field. In sections 5 and 
6 we set up the language for and then prove Theorem [C] We also explain here how 
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the characteristic variety of a module over a completed enveloping algebra behaves 
under localisation. In section 7 we prove Theorem [B] and in section 8 we prove 
Theorem |DJ In section 9 we apply all that has gone before along with a study of 
the fibres of the Grothendieck-Springer resolution to give a lower bound on the 
canonical dimension of Z//ri.if-modules which are infinite dimensional over K . In 
section 10 we explain the relationship between the Iwasawa algebras KG and the 
completed enveloping algebras culminating in the proof of Theorem |^ Finally in 
section 11 we study if G- modules that are finite dimensional over K; we essentially 
give a complete classification of them. See Prasad's appendix in f68^ for parallel 
results for distribution algebras. 

1.13. Acknowledgements. We would like to thank Ian Grojnowski for giving us 
the idea of using the Beilinson-Bernstein localisation theorem to study Iwasawa 
algebras. The first author and Grojnowski have been working, in parallel with this 
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parts of this paper and should appear soon. 
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tion theorem and the work of Schneider and Teitelbaum was conceived during the 
final workshop of the 'Non-Abelian Fundamental Groups in Arithmetic Geometry' 
programme at the Isaac Newton Institute in Cambridge. We are very grateful to 
the Institute for providing excellent working conditions. 

We are also very grateful to Peter Schneider for his detailed comments on an 
earlier version of this paper. Finally, we heartily thank the referee for reading this 
paper so thoroughly and providing many useful comments and suggestions. 

The first author was partially supported by an Early Career Fellowship from the 
Leverhulme Trust. The second author was funded by EPSRC grant EP/C527348/1 
for a part of this research. 

2. Background 

Our convention regarding left and right modules is as follows. The term module 
means left module, unless explicitly specified otherwise. Noetherian rings are left 
and right Noetherian, and other ring-theoretic adjectives such as Artinian are used 
in a similar way. 

2.1. Filtered rings and modules. Let A be either Z or K. A A-filtration F,A 
on a ring A is a set {i^A^|A G A} of additive subgroups of A such that 

• 1 e FoA; 

• FxA C F^A whenever A < /i, 

• Fa A • F^A c Fx+f,A for ah A, ^ e A. 

The filtration on A is said to be separated if HagA ~ {0}, and it is said to be 
exhaustive if IJagA F\A — A. Our filtrations will always be exhaustive. Note also 
that the second condition says that our filtrations are always increasing. 

Given a filtration F,A of A we may make A into a topological ring by letting 
the F\A be a fundamental system of neighbourhoods of 0. When A = Z , we say 
the filtration is complete if any Cauchy sequence in A converges to a unique limit. 

In a similar way, given a A-filtered ring F,A and an A-module M, a filtration of 
M is a set {FxM\X e A} of additive subgroups of M such that 
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• F\M C FfjtM whenever X < /i, and 

• FxA ■ F/^M c Fx+^M for all A, e A. 

Again, the filtration of M is said to be separated if f]^^j^FxM = {0} and the 
filtration of Af is said to be exhaustive if IJasA ^>^^'^ = 

2.2. Degree functions. An exhaustive A-filtration can equivalently be given by a 
degree function. This is a function deg : ^ A U {oo} such that 

• deg(l) = 0, 

• deg(O) = 00, 

• deg(a; + y) > min(deg(a;), deg(y)), and 

• deg(a;y) > deg(a;) + deg(y) 

for all x,y & A. If F,A is a A-filtration on A then 

deg(a;) := sup{A e A : a; e F^xA} 

is a degree function, and conversely, if deg lA— >AU{oo}isa degree function then 

FxA {a; e A I deg(a;) > -A} 

defines an exhaustive A-filtration on A. 

Typically when we're dealing with a positive A-filtration (one where FxA = 
for all A < 0), wc will use the language of filtrations, and when we're dealing with 
a negative A-filtration (one where FxA = A for all A ^ 0) we will use the language 
of degree functions. This explains the minus signs in the above definitions. 

2.3. Associated graded rings and modules. Let A be a A-filtered ring. Define 

Fx_A:= y F^A 

and note that if A = Z then Fn_A = Fn^iA for all n € Z. We can now form two 
related A-graded rings: the associated graded ring 

grA = ^FxA/Fx_A 
AeA 

and the Rees ring 

A = ^FxAt^ CA[A] 
AeA 

which we view as a subring of the group ring A[A] of the abelian group A; here A[A] 
is the free A-module on the set of symbols {t^ : A € A} which is a set-theoretic 
copy of A. We denote the A-th homogeneous piece of gi A by gr;,^ A. For a G A but 
not in f]^ FxA, we'll also write gr a for the principal symbol of a in gr^. 
Given a filtered F,A module F,M, we similarly define 

Fx_M:= U F^M 

and then the associated graded module gr M of M is 

gr M = ^FxM/Fx_M. 
AeA 

Clearly grM is naturally a graded gr A-module. 

We say that a Z-filtration on a ring A is Zariskian if the Rees ring A is Noetherian 
and F-iAis contained in the Jacobson radical of FqA. In particular, a Z-filtration 
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is Zariskian whenever the fihration on A is complete and the associated graded ring 
gr A is Noetherian — this fohows from [55l Proposition II. 2. 2.1]. 

2.4. Microlocalisation. We recah some basic resuhs in the theory of algebraic 
microlocalisation. 

Suppose that A is a Zariskian filtered ring, T is an Ore set in gr A consisting 
of homogeneous elements and M is a finitely generated A-module with a good 
filtration. 

Lemma. Let S := {s e A \ gr s e T} . Then 
(a) S is an Ore set in A. 

(h) There is a natural Zariskian filtration on As such that gi As = (gr A)t. 

(c) There is a good filtration on Ms as an As -module such that gv Ms = (gr M)t. 

Proof, (a) follows from [56l Corollary 2.2]. (b) follows from Proposition 2.8 and 
Proposition 2.3]. (c) follows from [56, Corollary 2.5(1,2) and Proposition 2.6(1)] □ 

Definition. Given the notation above we define the microlocalisation Qt{A) of A 
at T to be the completion of the induced Zariskian filtration on ^5. Similarly, we 
define the microlocalisation Qt{M) of M at T to be the completion of the induced 
good filtration on Ms- 

Corollary. With the notation above Qt{A) is a flat A-module and Qt{A)(E)aM = 
Qt{M). Moreover Qt{M) = if and only if if Ms = 0. 

Proof. The fiatness follows from [551 Corollary 2.4 and Corollary 2.7(1)]. The 
isomorphism (3t(^)<8)a-M ^ Qt{M) is [56l Corollary 2.7(2)]. The last part follows 
from [Ml Corollary 2.5(3)] □ 

2.5. Auslander Gorenstein rings and dimension functions. 
Definition. Let A be a Noetherian ring. 

(a) We say that a finitely generated (left or right) yl- module M satisfies Auslander 's 
condition if for every i ^ and every submodule N of Ext^(Af, A) we have 
Ext^(7V, A) = for all j < i. 

(b) We say that A is Auslander-Gorenstein if the left and right self-injective dimen- 
sion of A is finite and every finitely generated (left or right) A-module satisfies 
Auslander's condition. 

(c) We say that A is Auslander regular if it is Auslander-Gorenstein and has finite 
(left and right) global dimension. 

Definition. If A is an Auslander-Gorenstein ring, and M is a finitely generated 
vl-module then the grade of M is given by 

ja{M) :=inf{j]Ext^^(M,A)^0} 

and the canonical dimension of M is given by 

dA{M) :^ inj.dim^A - jA{M). 

We say an v4-module M is pure if every finitely generated non-zero submodule of 
M has the same canonical dimension. We say a finitely generated A-module M is 
critical if every proper quotient of M has strictly smaller canonical dimension. 
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Definition. Let Ahe a, Noetherian ring. An exact dimension function is an assign- 
ment, to each finitely generated A-module M, a value S{M) E ZU {—00} satisfying 
the following conditions: 

(i) 6(0) = -00, 

(ii) 6{M) = max{(5(Af'),<5(M")} whenever ^ M' ^ AI ^ M" ^ is a short 
exact sequence of finitely generated A-modules, and 

(iii) 6{M) < S{A/P) whenever P is a prime ideal of A and M is a torsion A/P- 
modulc. 

If in addition S satisfies the following condition: 

(iv) for any finitely generated j4-module M, there is an integer n such that when- 
ever M = Mq D Ml D M2 2 • • • is a descending chain of A-submodules of 
M, we have 6{Mi/M,+i) < d{M) for all i > n, 

then we say that S is finitely partitive. 
Proposition. Let A be a ring. 

(a) If A is Auslander-Gorenstein then dA is a finitely partitive exact dimension 
function. 

(h) If A has a Zariskian filtration such that the associated graded ring gr A is 
Auslander-Gorenstein, then A is Auslander-Gorenstein. Moreover if gr A is 
Auslander regular then A is Auslander regular. 

Proof, (a) is [Ml Proposition 4.5] and (b) is [15l Theorem 3.9]. □ 

2.6. Base change. Suppose that X is a field and K' is a finite algebraic field 
extension of K . 

Lemma. // A is an Auslander-Gorenstein K-algebra then A' := K' (E)k A is 
Auslander-Gorenstein. Moreover if M is a finitely generated A-module then 

dA(M) = dA'{K' (g)K M). 

Similarly, if N is a finitely generated A' -module then N is a finitely generated 
A-module by restriction and d^(iV) = dA'{N). 

Proof. First, [H §5.4] gives that faithfully flat Frobenius extensions of Auslander- 
Gorenstein rings are Auslander-Gorenstein with the same self-injective dimension. 
Next, [m Example C] gives that if K' is a simple algebraic extension of K then 
A' is a id-Frobenius extension of A. Also, pjj Proposition 1.3] gives that an id- 
Frobenius extension of an id-Frobenius extension is an id-Frobenius extension and 
so the first part follows. 

Now, if M is a finitely generated A-module, we have isomorphisms 

Ext^,{K' ®K M, A') '^K' ®K Ext^Af, A) 

for each j ^ 0. This implies that j^(A'/) = jA'{K' ®k M), because K' is faithfully 
flat over K. Thus we obtain the second part. 

Finally, if is a flnitely generated A'-module, we have isomorphisms 

Ext^ {N, A) 9^ Ext^, iN,A') 



for each j ^ and the result follows. 



□ 
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Proposition. Suppose that A and B are Auslander-Gorenstein rings such that 
inj.dim^yl = inj.dim^i? and B is a flat A-module. If M is a finitely generated 
A-module and Ext^^^*^^ (M, A) ®aB^Q then dA{M) = dsiB ®aM). 

In particular if B is a faithfully flat A-module then dA{M) — dsiB (g)^ M) for 
every finitely generated A-module M . 

Proof. It suffices to prove that j^(M) = jsiB (E}a M) under these conditions. But 
Ext^iB i^A M, B) = Ext^(M, A) ®a B for aU i ^ since B is flat over A. Thus 
jA{M) = jB{B ®A M) is equivalent to Ext^''^*^^ {M, A)®aB and the first part 
follows. 

The second part is a trivial consequence of the first. □ 
2.7. Lattices. We will several times require the following very useful result. 

Lemma. Let A be a Noetherian ring and let tt ^ A be a central element. Suppose 
A is TT-adically complete. Let M be a finitely generated A-module such that M/nM 
has finite length. Let Mq 3 Mi 2 M2 3 • • • be a descending chain of A-submodules 
of M such that Af„ ^ ttM for all n. Then f] Af„ ^ ttA/. 

Proof. First, note that the 7r-adic filtration on M and on each MjMn is complete 
and separated by [121 §3-2. 3(v)], so each M„ is closed in the topology defined by 
the TT-adic filtration. Let a ^ 1 be an integer; then M/'k°'M is a finite extension 
of quotients of the finite length module M/nM and so has finite length. It follows 
that M is pseudo-compact in the sense of [34l §IV.3]. Now we may apply [34} 
Proposition IV.3.11] to deduce that ttM + f| M„ = n„(7rM + M„). But M/irM 
has finite length, so there exists r such that nM + 7\/„ = ttM + Mr for all n ^ r. 
Hence ttM + f] Af„ = ttM + Mr > ttM and the result follows. □ 

Let i? be a discrete valuation ring with uniformizer tt, residue field k and field 
of fractions K. 

Definition. Let F be a iC-vector space. We say that an _R-submodule i of ^ is a 
R-lattice \iV ^ K- L anA fl^o ^''^ = 0- 

Equivalently, the 'K-adic filtration on V given by FiV — ir^^L is exhaustive and 
separated. We call the fc-vector space grg F — L/ttL the slice of V. Since our 
vector spaces will frequently be infinite dimensional over K, in general the lattice 
L will not be finitely generated as an i?-module. 

Proposition. Suppose that the discrete valuation ring R is complete. Then every 
R-lattice N in a finite dimensional K -vector space V is finitely generated over R. 

Proof. Let M be the i?-submodule of V generated by a basis of V. Then M is 
finitely generated over R and M/ttM has finite length since R/ttR = fc is a field. 
Consider the descending chain of i?-submodules Mi ~ Af flTr'TV of M for i ^ 0. Since 
N is an i?-lattice in V, f] Mi = so Aft C ttA/ for some t ^ by the Lemma. Thus 
NHtt-'M C NHtt-'+'^M for all i ^ t, whence inductively 7Vn7r~^Af C NHn-^+'^M 
for all i ^ t. Since M is an i?-lattice in V, 

N =[jNn n-^M C n-^+^M 
so N is finitely generated i?-module because 7r~*+^ Af is a Noetherian i?-module. □ 
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3. Almost commutative affinoid algebras 

We develop the basic theory of almost commutative affinoid algebras in this sec- 
tion. Unless explicitly stated otherwise, R will denote a complete discrete valuation 
ring with uniformizer tt, residue field k and field of fractions K. We do not make 
any assumptions on the characteristics of k or K. 

3.1. Doubly filtered rings. 

Definition. Let A be a 7^-algebra. We say that A is doubly filtered if it has an R- 
subalgebra FqA which is an i?-lattice in A and if the slice giQ A of A is a Z- filtered 
ring. We say that A is a complete doubly filtered K-algebra if FqA is complete 
with respect to its 7r-adic filtration, and the filtration on gip A is also complete. A 
morphism of doubly filtered i^T-algebras is a if-linear ring homomorphism ip : A 
B which preserves the lattices in A and B and which induces a filtered fc-linear 
homomorphism grp ip : giQ A — >■ grp B between the slices. 

Lemma. Let A be a doubly filtered K-algebra. Then the associated graded ring of 
A with respect to its ■n-adic filtration is isomorphic to the Laurent polynomial ring 
in one variable over the slice gT^A of A: 

grA= (groA)[s,s-i]. 

We will always denote the associated graded ring of the slice of A by 

GtA gr(gro A). 

Note that A i-> Gr(A) is a functor from the category of doubly filtered if-algebras 
to the category of graded fc-algebras. 

3.2. Good double filtrations. Let A be a doubly filtered if-algebra, and let M 
be an A-module. A double filtration on M consists of an i?-lattice FqM in M which 
is an FpA-submodule, and a Z-filtration F, grg M on grp M compatible with the 
filtration on grg A. We call 

Gv{M) := gr(gro M) 

the associated graded module of Af with respect to this double filtration. The double 
filtration on M is said to be good if 

• the filtration on gi^ M is separated, and 

• Gr(M) is a finitely generated Gr(A)-module. 

When A is a complete doubly filtered ivT-algebra such that Gt{A) is Noetherian, it 
follows from [55l Theorem L5.7] that this is equivalent to the filtration on grg M 
being good in the sense of [55l §L5.1]: the Rees module of grg M is finitely generated 
over the Rees ring of grg A. The following elementary result will be very useful in 
the future. 

Lemma. Let A be complete doubly filtered K-algebra and let M be a doubly filtered 
A-module. 

(a) If the double filtration on M is good, then M is a finitely generated A-module. 

(b) If Gv{A) is Noetherian then so are A and FqA. 

Proof, (a) The 7r-adic filtration FiAI := tt^'^FqM on M is separated because FqM 
is a lattice in M, and the given filtration F, grg M on grg M is separated by as- 
sumption. In view of Lemma 13.11 the result now follows by applying [551 Theorem 
L5.7] twice. 
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(b) It is enough to show that A is left Noetherian. Let / be a left ideal of A. 
The double filtration on A induces a double filtration on /; in this way, grp / is a 
left ideal in grp A, the filtration on grg / is separated and Gr(/) is a left ideal of 
Gt{A). Hence the double filtration on / is good so / is finitely generated. A similar 
argument shows that FqA is also Noetherian. □ 

Whenever L is an i?-module, Lk will denote the vector space K (E)fi L. 

Proposition. Let A be a complete doubly filtered K-algebra such that Gt{A) is 
Noetherian. 

(a) Every finitely generated n -torsion- free FoA-module L is an R-lattice in Lk- 

(b) Every finitely generated A-module M has at least one good double filtration. 

Proof. Note that Gr{A) Noetherian implies that FqA is Noetherian, by part (b) of 
the Lemma. 

(a) TV := n^o'"'"''^ ^ finitely generated FoA-submodule of L since FqA is 
Noetherian. Moreover N — ttN. Because FqA is 7r-adically complete, tt is in the 
Jacobson radical of FqA and hence iV = by Nakayama's Lemma. Since L is tt- 
torsion-free, we can identify it with its image inside Lk and hence L is an i?-lattice 
in Lk- 

(b) Let mi, . . . , me be an A-generating set for M and let FqM — J2i=i FoA.rrii. 
Then FqM is an i?-lattice in M by (a) and gi^ M = FoM/ttFqM = -=1 S^o ^■'^i 
is a finitely generated grg ^-module. Now setting Fj gi^ M := X]i=i S^o ^-^i 
defines a filtration F, grg M on grg M such that gr(gro M) is finitely generated over 
Gr(yl). The filtration on grg A is complete and Gr(v4) is Noetherian by assumption, 
so F, grg M is separated by [Ml Proposition IL2.2.1 and Theorem L4.14]. □ 

3.3. Characteristic varieties. 

Definition. Let ^ be a complete doubly filtered K-algehia such that Gr(^) is 
commutative and Noetherian, and let M be a finitely generated >l-module. Choose 
a good double filtration (FqM, F, grg M) on M. The characteristic variety of AI is 
the Zariski closed subset 

Ch(M) ~ Supp(Gr(Af)) C Spec(Gr(A)) 

of the prime spectrum of the commutative Noetherian /c-algebra Gr(j4). 

Of course the dimension of Ch(Af ) will always be equal to the KruU dimension 
of the Gr(A)-module Gr(M). 

Proposition. The characteristic variety Ch(M) does not depend on the choice of 
good double filtration on M. Moreover i/ — > L — > Af — > iV — > is a short exact 
sequence of A-modules then Ch{M) = Ch(L) U Ch(7V). 

Proof. Let us first fix the lattice FqM in M. Then it is well-known [55l Chapter III, 
Lemma 4.1.9] that the characteristic support Supp(grgrg Af) does not depend on 
the choice of good filtration on grg Af, and also that Supp(grgrg M) only depends 
on the class of grg Af in the Grothendieck semigroup of grg j4-modules [331 Lemma 
D.3.3]. On the other hand this class does not depend on the choice of lattice FqM 
inside M by [36l Proposition 1.1.2] for example. 

Now given a short exact sequence as in the statement, it is straightforward to 
find FqA lattices FqL and FqN in L and N respectively so that there is a short 
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exact sequence — > FqL — > FqAI — > FqN — > 0. Reducing this mod tt gives a short 
exact sequence grp L grg M grg iV — > since FoiV is fiat over R. 

Now giving grp L and grp the subspace and quotient filtrations from some 
good filtration on grg M defines good double filtrations on L and N such that 
— > Gr(L) Gr(Af ) -> Gr(iV) -> is exact and then the result is clear. □ 

Theorem. Suppose that A is a complete doubly filtered K-algehra such that Gr(yl) 
is commutative and regular; then A is Auslander regular. If in addition every simple 
Gi{A) -module N has (iGr(A)(^) — then 

dimCh(M) + jA(M) = diniGr(^) 

for all finitely generated A-modules M . 

Moreover if M is a pure A-module then every irreducible component of Ch(M) 
has the same dimension. 

Proof. The first part follows by applying Proposition I2.5f b) twice. Now 

dimCh(M) + jGr(A)(Gr(Af)) = dimGr(A) 

by [771 Theorem 1.3] and jGr(A)(Gr(M)) = jA{M) by [551 Theorem III.2.5.2]. 

Finally if M is pure then by applying [151 Theorem 3.8] twice we may find a 
good double filtration of M such that Gr(M) is pure and the result follows. □ 

Notice in particular that the second part of the theorem applies whenever Gr{A) 
is a polynomial ring over k. 

3.4. Almost commutative algebras. We now generalise the more-or-less stan- 
dard theory of almost commutative algebras over a field, see [591 §8-4]. Let i? be a 
commutative Noetherian base ring. 

Definition. Let ^ be a positively Z-filtered i?-algebra with FqA an i?-subalgebra of 
A. We say that A is almost commutative if gr^ is a finitely generated commutative 
i?-algebra. A morphism of almost commutative i?-algebras is an i?-lincar filtered 
ring homomorphism. 

It follows from [55^, Proposition II. 2. 2.1] that almost commutative i?-algebras are 
always Noetherian. Moreover every factor ring of an almost commutative ring is 
again almost commutative. 

Examples, (a) Let X be an affine i?-scheme of finite type. Then there exists 
a presentation R[Xi, . . . , Xm] C'(A) which endows 0{X) with a positive 
filtration induced from the natural degree filtration on R[Xi, . . . , A™]. This 
gives 0{X) the structure of an almost commutative i?-algebra. 

(b) Let A be a smooth affine i?-scheme of finite type. Then the ring of crystalline 
differential operators 2?(A) is generated by 0{X) and T(A) — see S|4i2]for a 
precise definition. The associated graded ring with respect to the filtration by 
order of differential operators 

grI?(A) ^ Symo(x)r(A) ^ 0{T*{X)) 

is commutative and T(A) is a finitely generated C'(A)-module. Therefore 
2?(A) is an almost commutative i?-algebra. 

(c) If g is an i?-Lie algebra which is free of finite rank as an i?-module, then the 
universal enveloping algebra U{q) is an almost commutative i?-algebra with 
respect to the usual Poincare-Birkhoff- Witt-filtration. 



ON IRREDUCIBLE REPRESENTATIONS OF COMPACT p-ADIC ANALYTIC GROUPS 15 



(d) Let y be a free _R-niodule of finite rank equipped with an alternating i?-bilinear 
form w : V x V ^ R. The enveloping algebra Rcj [V] of (V, co) is the quotient of 
the tensor i?-algebra V®' on V by the relations 

vw — wv = w{v, w) for all VjW £V. 

Consider the Lie algebra i)^^ := V(BRz with Lie bracket determined by the rules 
[v,w] = uj{v,w)z and [v,z] = for all v,w & f)(^. Then Ruj[V] is isomorphic 
to the factor ring of U{i)ui) by the ideal generated by 2: — 1. Since gTU{l)u,) 
is isomorphic to the polynomial algebra Symji{V)[z] by the Poincare-Birkhoff- 
Witt Theorem, we see that gri?„[y] = Sym^(F) when we equip i?a;[l^] with 
the natural positive filtration with R in degree and V in degree 1. Thus 
iia)[y] is an almost commutative i?-algebra. 

3.5. Deformations. We now return to assuming that 7? is a complete discrete 

valuation ring with field of fractions K and uniformizer tt. 

Definition. Let A be a positively Z-filtered i?-algebra with FqA an i?-subalgebra 
of A. We call A a deformable R-algebra if gr A is a flat i?-module. A morphism of 
deformable i?-algebras is an i?-linear flltered ring homomorphism. 

All the almost commutative i?-algebras appearing in the above examples, with 
the possible exception of (a), are deformable. 

Definition. Let A be a deformable i?-algebra and let n be a non-negative integer. 
The n-th deformation of A is the following i?-submodule of A: 

An :=^7r^"J;A 

There is a unique ring homomorphism A[t\ — >■ Ak which extends the inclu- 
sion A ^ Ak and sends t to tt". Since A„ is the image of the Rees ring A ~ 
0^=0 ^"^-^m^ under this homomorphism. An is actually an _R-subalgebra of A. It 
can in fact be shown that An is isomorphic to the factor ring A/{t — tt"). 

This definition is clearly functorial and in this way we obtain an endofunctor 
A An oi the category of deformable i?-algebras. Of course the deformation An 
does not depend on the choice of uniformizer tt. 

Lemma. Let A be a deformable R-algebra. Then An is also a deformable R-algebra 
for alln^Q and there is a natural isomorphism giA^ E^An- 

Proof. It is clear that An is an ii-lattice in Ajc- Give An the subspace filtration 
FmAn := FmA n An- Becausc gr A is flat over R, we have 

m 

Frr,An=Y,^'''FiA. 

4=0 

Deflne an i?-linear map Fj^A/ Fm—i-^ ~^ Pm-^n/Pm— I An by the formula 

Since gv A is flat over i?, this map is an injection. It is straightforward to verify 
that it is actually a bijection and that it extends to a ring isomorphism between 
giA and gr 
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Finally if / : A — > iJ is a morphisni of deformable i?-algebras the diagram 

gr A — ^ gr An 



gr/n 



gr-B ^grBn 

commutes. □ 

3.6. Deformations and tensor products. Equipping the polynomial algebra 
R[xi ,xe] with the natural degree filtration gives a first example of a deformable 
i?-algebra. It is easy to see that its n-th deformation is simply R['7r'"xi, . . . , ■k"x(\. 

Proposition. Let A be a deformable R-algebra. Then A R[xi, . . . ,X(] is a 
deformable R-algebra when equipped with the tensor filtration. Moreover 

{A R[xi, . . .,Xe])n ^ An® {R[xi,. . .,Xe])n- 

Proof. By induction on the number of variables it suffices to consider the case £ = 1 
and xi = X. We may then identify A 0ij R[x] with A[x]. 

Now gr(A[.T]) ^ {gY A)[x] where x has degree one in the right hand side. Thus 
gr(A[a;]) is flat over R and so deformable. 

By functoriality of (— )n, the natural inclusions A A[x] and R[x\ A[x] of 
deformable i?-algcbras induce inclusions An A[x\n and i?[a;]„ A[x\n. Thus the 
universal property of the tensor product yields a map from An ®r R[x\n to 
By considering the identification A®rR[x] with A[x] we see that this map is an 
inclusion and so it suffices to sec that that it is surjcctivc. But if G FiA then 
TT^^aj ® n^^x^ is an element of An <^r R[x]n and the images of these elements span 
A[x]n. □ 

Peter Schneider has sent us a proof that the functors A An preserve finite 

coproducts — that is tensor products over R --- in the category of deformable 
i?-algcbras. However, we will not need the full strength of this result in this work. 

3.7. TT-adic completions. We will now exhibit a functorial way of producing com- 
plete doubly filtered if-algebras. 

Definition. Let A be a deformable ii-algebra. The ir-adic completion of A is 

A = limA/ir''A. 

This is an ii-lattice in the if-algebra 

A^ :=A®iiK. 

Lemma. Let A be a deformable R-algebra. Then Ak is a complete doubly filtered 
K-algebra, and is a natural isomorphism 

Gr(A^) = gr(A/7rA) ^ grA/wgiA. 

Proof. We sec that A is an _R-latticc in Ak and that grg Ak = A/nA. The filtration 
on A induces a filtration on A/ttA and 

Gt{Ak) = grgro Ax = griA/nA) grA/7rgrA 

since tt is a central regular element in A of degree zero. The filtration on A/ttA is 
complete because the filtration on A is positive by assumption. □ 
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Thus we have a countable family of functors A i— > An^K from deformable R- 
algebras to complete doubly filtered iiT- algebras. 

Corollary. For each n ^ there is a natural isomorphism 

Gr(X^) -> grA/ngiA. 

Proof. Apply Lemmas 13.51 and [57fl □ 

3.8. Almost commutative afRnoid algebras. 

Definition. Let yl be a complete doubly filtered iC-algebra. We say that A is 
an almost commutative affinoid K-algebra if its slice is an almost commutative 
fc-algebra. 

Almost commutative affinoid if-algebras are always Noetherian by [55l Propo- 
sition II.2.2.1]. 

Proposition. Let A be an almost commutative deformable R-algebra. Then An^K 
is an almost commutative affinoid K-algebra for all n ^ 0. 

Proof. An,K is a complete doubly filtered iiT- algebra by Lemma lSTTl and the filtration 

on its slice gr^ An^K is positive by construction. Since Gr(A„^i<-) = gr A/tt gi A by 

Corollarv 13.71 GT{An^K) is a finitely generated commutative fc-algebra and hence 
grQ A is an almost commutative /c-algebra. □ 

We thus obtain a family of almost commutative afhnoid -fC-algebras An^K, when- 
ever we have an almost commutative deformable i?-algebra A; see §3.41 for a list of 
examples. Note that in Example 13. 4f a), the completion 0{X)n^K of the commuta- 
tive i?- algebra 0{X) is an affinoid iiT- algebra in the sense of [T9], and can be viewed 
as the ring of rigid analytic functions on an affinoid variety Xn^K- This justifies our 
terminology. 

We note in passing that Soibelman's quantum affinoid algebras K{T}q r appear- 
ing in [22 and [T^ are examples of almost commutative affinoid ii'-algebras not of 
the form A„ j<- for some almost commutative _R-algebra A, provided that [g — f | < f . 

3.9. Base change. Let v be the normalised discrete valuation on K, and let K' 
be a field extension of K which is complete with respect to a normalised discrete 
valuation v' . Recall that K' /K is said to be finitely ramified if v'\k — ev for some 
integer e > 0; in this case e :— w'(7r) is called the ramification index of K' / K . Let 
R' be the valuation ring of v' and let vr' be a uniformizcr of i?'; then the ideal ttR' 
is generated by ir"^. 

Lemma. Let A be a deformable R-algebra, and K' be a complete finitely ramified 
field extension of K . 

(a) There is a natural filtration on A' :— R' 0^ A such that A' is a deformable 
R' -algebra. 

(b) R' ®R A,, = (A')e„. 

(c) If [K' : _ftr] < oo then K' ®k An^x is isomorphic to A'^^ ^, as a complete doubly 
filtered K' -algebra. 
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Proof. 

(a) We define FiA' = R' ®RFiA for all i. Then gv A' is isomorphic to R' ®RgvA 
and is therefore a flat i?'-module. 

(b) Since ttR' = 7t''^R' , we have 

R' <S>RAn^Yl ®« = H = (^')en. 

(c) Because i?' is a finitely generated i?-module, R' i^r An is isomorphic to 
J^'^i^n. Therefore 

^s:' «)K A^ = K' ®Rf {R' ®R Tn) = K' ®R, (]4%; = {A%^^K' 
by part (b). □ 

Note that if K' is an infinite extension of K then K' ®k An^x will not be tt'- 
adically complete, in general. 

Proposition. Suppose that A is an almost commutative affinoid K-algehra, M is 
a finitely generated A-module and K' is a complete, finitely ramified field extension 
of K. If A' is the almost commutative affinoid K' -algebra obtained by completing 
K' ®K A then 

dimCh(A' ®A M) = dimCh(M). 

Proof. Let M' = A' ®a M and let k' be the residue field of k. Then R' i^r FqM is 
an i?'-lattice in M' such that 

grg M' ^k' (g)R, {R' (g>R FqM) ^k' (g>R FqM = k' (g>k grp M. 

This isomorphism induces a good double filtration on M' from the good double 
filtration on M, and then Gr(M') ^ k' i^k Gr(M). The resuh follows. □ 

4. Crystalline differential operators on homogeneous spaces 

4.1. Notation. In this section, R will denote a fixed commutative Noetherian 
ground ring. Unadorned tensor products and scheme products will be assumed 
to be taken over R and over Spec(i?), respectively. If 1^ is a free A-module over 
a commutative ring A, then Sym^ V denotes the symmetric algebra of V over A. 
All the results in this section are well-known when i? is a field; we spell them out 
in this more general context for the sake of the reader because we cannot find a 
suitable single reference. 

Throughout 21 ^ will denote a scheme over Spec(i?) which is smooth, separated 
and locally of finite type. We write T for the sheaf of sections of the tangent bundle 
TX. 

4.2. Crystalline differential operators. 

Definition. The sheaf of crystalline differential operators on X is defined to be 
the enveloping algebra T> of the tangent Lie algebroid T. 

Thus I? is a sheaf of rings, generated by the structure sheaf O and the O-module 
T subject to only the relations 

• fd^f-danddf-fd = d{f) for each / e O and 3 G T; 

• dd' - d'd = [9, d'] for 5, d' e T. 
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Being a quotient of a universal enveloping algebra, the sheaf T) comes equipped 
with a natural Poincare-BirkhofF-Witt filtration 

C FnV C F{D C F^V C • • • 

consisting of coherent O-submodules, such that 

FoV^O, F{D^O®T, and FmV ^ FiV ■ Fm-iV for m > 1. 

Since X is smooth, the tangent sheaf T is locally free and the associated graded 
algebra of V is isomorphic to the symmetric algebra of T: 

m— 

If q : T*X X is the cotangent bundle of X defined by the locally free sheaf T, 
then we can also identify gri? with q^Ot'x- 

4.3. H-torsors. Let H be a flat afflne algebraic group over R of finite type. Let 
X be a scheme equipped with an action HxX^XoiHonX. We say that a 
morphism ^ : X — X is an H-torsor if ^ is faithfully flat and locally of finite type, 
the action of H respects ^, and the map 

X xH^ X xx X 

which sends (x, h) i— )■ (a;, hx) is an isomorphism. An open subscheme U oi X is said 
to trivialise the torsor ^ if there exists an H-invariant isomorphism 

[/ X H ^ C^{U) 

where H acts on [/ x H by left translation on the second factor. Let Sx denote the 
set of open subschemes U oi X such that 

• U is afiine, 

• U trivialises ^, 

• 0{U) is a finitely generated i?-algebra. 

Since X is separated, it is easy to see that Sx is stable under intersections. More- 
over, if [/ e Sx and W is an open affine subscheme of C/, then W S Sx- We say 
that ^ is locally trivial for the Zariski topology if X can be covered by opens in Sx ■ 
Thus Sx is a base for X whenever ^ is locally trivial. 

Lemma. If ^ : X X is a locally trivial H-torsor, then ^'^ : Ox ~> (C*C'jf)^ is 
an isomorphism. 

Proof. This is a local problem on X, so we may assume that X is affine and ^ : X — 
X xH ^ X is the projection onto the first factor. Since 0{X) is a fiat i?-module, 
it is a direct limit of free i?-modules. Now 

(C*0^)"(X) - OiX X H)H = (OiX) ® 0(H))H = 0{X) 

since rational cohomology commutes with direct limits by [49l Lemma L4.17]. □ 
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4.4. The enhanced cotangent bundle. Let ^ : X — > X be an H-torsor. The 
action of H on X induces a rational action of H on 0{V) for any H-stable open 
subschenie V C X and therefore induces an action of H on Tj^ as follows: 

{h-d)if) = h-dih~'-f) 

whenever d € 7^, f (z O and /i G H. In this way we obtain the sheaf of enhanced 
vector fields on X: 

r:= (c*r^)«. 

We can differentiate the H-action on X to obtain an _R-linear Lie homomorphism 

where f) is the Lie algebra of H. Now suppose that ^ is locally trivial and let 
r € T{U) for some open subschenie U C X. Then r is an H-invariant vector field 
on £,~^{U), so in particular it is an H-linear endomorphism of Hence 
it preserves 0{£_~^{U))^ and by Lemma [43l it induces a vector field a{T) £ T{U). 
This defines a map of O-modules 

which is also known as the anchor map of the Lie algebroid T- It is easy to see 
that the anchor map fits into a complex of O-modules 

(1) 0^t)(g>O'^f^T^0 
which is functorial in X. 

Lemma. The restriction of ^ to any U G Sx is split exact. If ^ is locally trivial, 
then ([T]) is exact and T is locally free. 

Proof. We have T{U x H) = {T{U) ® 0(H)) ® (©([/) ® r(H)) . Since T{U) is a 
locally free C'(J7)-module and 0{U) is a flat i?-module, T{U) is a flat i?-module 
and hence a direct limit of free i?-modules. Therefore 

{T{U) ® 0(H))" = T{U) ® 0(H)H = T{U) 

again by [49l Lemma 1.4.17]. Now T(H)" = so 

r{u X H)H = T{U) e {0{U) ® j(t})) ■ 

Let U X H. ^> S,^^{U) be an H-invariant isomorphism. Then 

f{u) = r(r'(c/))" = r(c/ x h)« = r(c/) ® {o{u) ® j(f))) 

and the first part follows because U is affine and every term in ([T]) is a quasi-coherent 
O-module. The second part follows from the first and the functoriality of H]). □ 

We call the vector bundle t : T* X X associated to the locally free sheaf T 
the enhanced cotangent bundle of X . It can in fact be shown that the enhanced 
cotangent bundle T*X is isomorphic to the quotient scheme {T*X)/'H.. 
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4.5. Lemma. The natural map U{t)) — > r(H,2?)^ is an isomorphism. 
Proof. Since H is afBne and Noetherian, we can find isomorphisms 

grr(H,2?) - r(H,gr2?) = r(H,Symor) - Sym^^^^ r(H) - 0(H) ® S{t)) 

of commutative graded i?-algebras. Since S{t)) is a flat i?-module, taking H- 
invariants and applying (49|, Lemma L4.17] shows that the natural map 5(f)) — >■ 
(grr(H,2?))^ is an isomorphism. This map factors as follows: 

S{t)) = gr[/(f,) ^ gr(r(H,I?)") ^ (grr(H,I?))H 

where the second arrow is injective since taking H-invariants is always left exact. 
It follows that both arrows are isomorphisms, and ?7(f)) — >r(H,2?)^ is an isomor- 
phism as claimed. □ 

4.6. Relative enveloping algebras. Given an H-torsor £^ : X X, ^^X*^ is a 
sheaf of algebras on X with an H-action. Following jlSj p. 180], we define the 
relative enveloping algebra of the torsor to be the sheaf of H-invariants of ^*'Dj^: 

V := {i.V^f. 

This sheaf carries a natural filtration 

F^V := {(.F,nV^)^ 

induced by the filtration on 2?^ by order of differential operators. 

Proposition. There is an isomorphism of sheaves of filtered R- algebras 

® (7(f)) ^ 

for any U € Sx- If ^ is locally trivial, then there is an isomorphism 
of sheaves of graded R-algebras. 

Proof. Let U e iSx, and let [/ X H ^> ^^^(L/) be a trivialisation of ^ over [/. Using 
Lemma 14.51 we obtain isomorphisms of filtered _R-algebras 

V{U) ® [/(()) -A (!?([/) ® 2?(H))" ^ V{U X H)" A V{U) 

which are compatible with restrictions to Zariski open subschemes V contained in 
U. Thus we obtain an isomorphism of sheaves of filtered i?-algebras 

jr.'D\u<»U{t)) ^V^u- 

Now the natural inclusion 7^ — > FiD^ induces an O-linear morphism T — > 
FiV/Fq'D and therefore a morphism of graded O-algebras 

a : SyniQ T — > grP. 
On the other hand, Lemma [4.41 gives us an isomorphism of [/-modules 

d-.Tiu (B C|c/ f) ^ 7jc/, 
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and these maps fit together into the commutative diagram 



r{u,sym„r) 



a(U) 



T{U, grV) 



Symo(c/) T{U) 



gvV{U) 



SymeiU) 



Symo(c,)(r(C/)®0((7)®f)) 



gr(2?({/) ® {/(())) 



grV{U) ® grt/(f)). 



The top two vertical maps are isomorphisms because U is affine and Noetherian, 
and the bottom horizontal map is an isomorphism since gr I? = Sym^ T. The 
remaining vertical maps are isomorphisms by functoriality, and therefore a{U) is 
an isomorphism for any U £ Sx- Since ^ is locally trivial, it follows that a is an 
isomorphism. 

The equality t^O^;;:^ = Sym^ T follows from the definition of the enhanced 
cotangent bundle t : T* X ^ X . □ 

Note that even if is locally trivial, the sheaf V will in general not be isomorphic 
to I? (X) ?/([)) since the torsor ^ will not in general be globally trivial. 

Corollary. Let U eSx- Then 



(h) 'DiU) is an almost commutative R-algehra. 

Proof, (a) This follows from the proof of the Proposition. 

(b) Since H is of finite type, its Lie algebra f) has finite rank over i?, so T{U) 
is a finitely generated projective C'(C/)-module by Lemma [4.41 Hence gr !?([/) is 
a finitely generated commutative C'(J7)-algebra. By definition of Sx, 0{U) is a 
finitely generated i?-algebra, and it now follows from part (a) that gr !?([/) is a 
finitely generated commutative i?-algebra. □ 

4.7. Algebraic groups and homogeneous spaces. Let G be a connected, split 
reductive, affine algebraic group scheme over R. It is known that G is fiat over 
R [49l §11.1.1]. Let B be a closed and flat Borel i?-subgroup scheme, let N be its 
unipotent radical and let H := B/N be the abstract Cartan group. 

Let B denote the homogeneous space G/N. Because [B,B] is contained in N, 



defines an action of H on S, which commutes with the natural action of G on B. 
Lemma. 

(a) B and B := G/B are smooth separated schemes over R. 



(a) gTV{U) = Symc(y)r(C/), and 



& e B, g EG 



(h) The action o/H on B induces an isomorphism B/H B. 
(c) The natural projection ^: B ^ B is a locally trivial H-torsor. 



ON IRREDUCIBLE REPRESENTATIONS OF COMPACT p-ADIC ANALYTIC GROUPS 23 



Proof. Because G, B and N can be defined over Z, we may assume that i? = Z. 

(a) It follows from [49, §1.5.6(9)] that B and B are schemes; since they are 
homogeneous spaces under the action of G it follows that they must be smooth. 

(b) This is clear, when viewed on the level of the functor of points. 

(c) By [ini §11.1.10(2)], we may cover B by open subschemes Ui each isomorphic 
to A*^™ (the Weyl translates of the big Bruhat cell) and find morphisms at : Ui ^ 
G splitting the projection map G ^ B. Composing these with the projection map 
G ^ B gives maps o7: Ui ^ B such that oWi — idui ■ Now (u, &N) i— > a-i{u)b'N is 

the required H-invariant isomorphism Ui x H ^> S,^^{Ui) and we may apply |60l 
Proposition III. 4.1]. □ 

We call the homogeneous spaces B — G/B and B = G/N the flag variety of 
G and the basic ajjine space of G, respectively. We will write V for the relative 
enveloping algebra of the H-torsor ^ : B ^ B, and also write r : T*B — ?> B for the 
structure map of the enhanced cotangent bundle of the flag variety. 

4.8. The enhanced moment map. Let g, b, n and f) be the Lie algebras of G, B, 
N and H, respectively. We can differentiate the natural G-action on B to obtain 
an i?-linear Lie homomorphism 

Since the G-action commutes with the H-action on B, this map descends to an 
i?-linear Lie homomorphism '■ Q ^ Tb and an Og-linear morphism 

tp : OB(g)g — > Tb 

of locally free sheaves on B, which dualizes to give a morphism of vector bundles 
over B from the enhanced cotangent bundle to the trivial vector bundle of rank 
dim g: 

f^^Bxg*. 

Here q* := Spec (Sym^ g) is being thought of as an i?-scheme. Composing this mor- 
phism with the projection map onto the second factor gives the enhanced moment 
map 

15 ■.'FB-^q* 

of i?-schemes. This morphism is also sometimes known as the Grothendieck-Springer 
resolution of g*. 

Proposition. 

(a) The morphism of sheaves p : Ob ® g — > Tb is surjective. 

(b) The enhanced moment map is a projective morphism. 

Proof. Since the space B is homogeneous, the geometric fibres of ip are surjective 
by [TBI Proposition II. 6. 7]. Part (a) follows because Ob <Xig and Tb are locally free. 

The dual map T*B — > S x g* is a closed immersion by part (a). Part (b) now 
follows because S is a projective scheme by [49l §11.1.8]. □ 
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4.9. Quantizing the moment map. The Lie homomorphism ip : q ^ T extends 
to a graded i?-algebra homomorphism 

Sym((/3) : Sym^ q Sym^ f 

which can be viewed as the pull-back map on functions 

associated to the enhanced moment map (3 : T*B — > 0*. It also extends to a filtered 
i?-algebra homomorphism 

U{^) : C/(fl) ^ V 
encoding the action of g on S by H-invariant vector fields. 

Lemma. The representation U{ip) : U{q) — > V quantizes the enhanced moment 
map in the sense that grU^ip) — Sym(iy9). 

Proof. Using Proposition l4. Gl and Lemma k.Tf c). we can naturally identify gr V with 
SymQ T. The restriction of gr U{(p) to g is the representation (p by definition, so 
gr U (if) and Sym(95) agree on the generators g of Sym^ g. The result follows. □ 

In fact, U{ip) quantizes /3 in a stronger sense. There are natural Poisson struc- 
tures on both g* and on T*B which are induced by the non-commutative algebras 
U{q) and V, and the morphism Sym((y5) is compatible with these structures. 

4.10. The Harish-Chandra homomorphism. Since our group G is split by 
assumption, we can find a Cartan subgroup T of G complementary to N in B. Let 
i : T H denote the natural isomorphism, and let « : t ^> f) be the induced 
isomorphism between the corresponding Lie algebras. The adjoint action of T on 
g induces a root space decomposition 

g = n ® t e n+ 

and we will regard n, the Lie algebra of N, as being spanned by negative roots. 
This decomposition induces an isomorphism of i?-modules 

[/(g) ^ U{n) (E) U{1) (g) U{n+) 

and a direct sum decomposition 

U{9) = U{t) ® (nC/(g) + f/(g)n+) . 

Now the adjoint action of the group G induces a rational action of G on C/ (g) by 
algebra automorphisms, so we may consider the subring [/(g)*^ of G-invariants. We 
call the composite of the natural inclusion of C/(g)*^ ^ U{g) with the projection 
U{g) -» U (t) onto the first factor defined by this decomposition the Harish-Chandra 
homomorphism: 

: {/(g)« ^ U{t). 
Recall from §4.41 that the infinitesimal action of H on B is denoted by 

J : f) ^ Te 

and that it extends to an i?-algebra homomorphism j : U{t)) T). Since H is 
commutative, Proposition 14.61 shows that j is a central embedding. 



ON IRREDUCIBLE REPRESENTATIONS OF COMPACT p-ADIC ANALYTIC GROUPS 25 



Lemma. Suppose that R is an integral domain. Then there exists a commutative 
diagram 

f/(0)G^C/(t) 

joi 

of filtered rings: the restriction ofU{(p) to [/(g)*^ is equal to j o i o cj). 

Proof. Since the objects in this diagram have no i?-torsion by the Poincare-Birkhoff- 
Witt Theorem, we may replace R by an algebraic closure its field of fractions. But 
in this case this result is well-known: when the characteristic of R is zero this was 
first observed in JSF, §9]. See [T?', Lemma 3.1.5(b)] for the general case. □ 

5. Completions, deformations and characteristic varieties 

We refer the reader to [38, §0.5.3.1] for the definition of coherent A-modules over 
a sheaf A of not necessarily commutative rings over a topological space, and denote 
the abelian category of coherent ^-modules by coh(^) . Recall that the sheaf A is 
said to be coherent if A is itself a coherent ^-module. We begin by establishing 
some generalities on coherent modules and /-adic completions, following 12, §3]. 

5.1. Coherently f^-afRne spaces. Let X be a topological space and let & he a 
coherent sheaf of rings on X. 

Definition. We say that X is coherently ^-acyclic if every coherent .^-module 
is T{X, — )-acyclic and has the property that M.{X) is a coherent ^(X)-module. 

We say that X is coherently S^-affine if X is coherently i^-acyclic and every 
coherent ^-module is generated by its global sections as a f^-module. 

If 5 is a base for X, we say that S is coherently -acyclic, respectively coherently 
^^-affine, if for all U £ S, U is coherently ^| (/-acyclic, respectively coherently ^|[/- 
affine. 

A classic example of a space that is coherently ^-affine is obtained by taking 
X to be a smooth affine complex algebraic variety, and ^ the sheaf of differential 
operators on X. 

The main reason for these definitions comes from the following 

Proposition. Let X be coherently 2!-acyclic. Then kerr(X, — ) is a Serre subcate- 
gory of coh{&) , and T{X, —) and ^®®(x)~ induce mutually inverse equivalences of 
abelian categories between coh(^)/ ker r(X, — ) and the category coh(f^(X)) of co- 
herent S!{X) -modules. Moreover if X is coherently S^-affine then kerr(X, — ) = 0. 

Proof. Let F := T{X, -), D := &{X) and Loc := &®d-. Since X is coherently 2i- 
acyclic, F is exact on coh(^) which implies that kerF is closed under subquotients 
and extensions. 

Now (Loc, F) is an adjuction between the category of all _D-modules, and the 
category of all sheaves of ^-modules. Since Loc is right exact and ^ is coherent, 
Loc sends coh(Z?) to coh(i^). Since X is coherently i^-acyclic, (Loc,F) restricts to 
an adjunction between coh(£') and coh(i^) and F is exact. By ^Ol Lemma 2.4] it 
thus suffices for the second part to prove that the counit M F(Loc(Af)) is an 
isomorphism for M e coh(Z)). 
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Since Loc is right exact and F is exact on coh(^), the composite F o Loc is 
also right exact. Since M is coherent, it has a finite presentation; because r]D is 
an isomorphism by definition, the Five Lemma now imphes that rjM is also an 
isomorphism as required. 

The final part is immediate; if A4 is generated by global sections then r(A^) = 
if and only if = 0. □ 

5.2. Completions. Recall from [42, §n.9] that inverse limits exist in the category 
of sheaves of abclian groups over any topological space. 

Definition. Suppose that contains a constant central subsheaf Z, which contains 
an ideal /. We define ^ := limfF//"^ be the I-adic completion of ^. 

This is a sheaf of Z-algebras on X and F(J7, = hm F(f7, ^//"^) for any open 
subset U oi X. We will use the following elementary result repeatedly. 

Lemma. Suppose T(X,—) is exact on coh(^). Then for any coherent !^ -module 
M and any ideal J in Z such that J ■ &{X) is finitely generated, there is a natural 
isomorphism of Si (X) -modules 

{M/JM){X) = M{X)IJM{X). 

Proof. Choose zi, . . . , z,„ e J that generate J • 2i{X). Since F(X, — ) is exact on 
coh(^^) by assumption and Z is central in Si, the exact sequence 

7W™ ^"'"'"^'"^ M -^M/JM 
in coh(^) gives rise to the exact sequence 

^''"""'"^] j^i^x) ^ {M/JM){X) 

and the result follows. □ 

If 2i{X) is left Noetherian, then /" • 2![X) is finitely generated for all rt ^ 1. 
Lemma now implies that &{X) is just the /-adic completion of i^{X): 

2i{X) = \Ym{2!/r&){X) \im^{X)/r&{X). 

Definition. If 5 is a base for X we say that ^ is Noetherian on S if !^{U) is left 
Noetherian for all U G S. 

5.3. Tiie functor M i-> M^. Throughout ^Ol-TOlwe fix a base S for X such 
that X G S, and assume that: 

• is Noetherian on S, 

• iS is coherently ^-acyclic, and 

• ^ is coherent. 

Let D := ^(X). We define a functor M ^ from D ^(X)-modules to 
sheaves of ^-modules by the formula 

A/^ := lim & ®D M/TM. 

Since we are assuming that X G S, the algebra D is left Noetherian so coh(£)) 
is simply the category of all finitely generated D-modules. 

Proposition. 
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(a) The functor M i— > AI'^ is exact on coh(D). 

(b) ^ 

(c) AI^ is a coherent S> -module whenever M is a finitely presented D-module. 

(d) If u : — >■ is a map of ^-modules, then coker(7i) = Af^ for some finitely 
presented D-module M . 

Proof, (a) Let 0— >A— >i?— >C— >Obean exact sequence of coherent Z?-niodules. 
Since X is coherently i^-afhne, & ®d — is exact on coh(_D) by Proposition 15.11 
Therefore the sequence of towers of i^-modules 

C 







Si® 



D 







is exact. The maps in the left-most non-zero tower are surjective, so it trivially 
satisfies the Mittag-Leffler condition. Taking inverse limits gives a short exact 
sequence 

A fi 

^ lim ^ (g)Z5 — > B-^ ^ ^0. 

^ r^B 

Since D is left Noetherian, by the Artin-Rees Lemma §3.2.3(i)] we can find an 
integer uq such that I" A C AO I^B C /"-"o^^^ foj- all n ^ no, so the natural map 

A A + I^B 

A'^ = hm (g)Z5 — ^ Ihn ®C 

is an isomorphism and the result follows. 

(b) = lim9(g>D = hm^(g)D = hm^//"^ = §. 

(c) Since is a ^-module, there is a natural map S (^g M — > of S- 
modules, which is an isomorphism when M — by part (b). Since M is finitely 
presented, using parts (a) and (b) together with the Five Lemma shows that S(E)gM 
is in fact naturally isomorphic to M^. Since S is coherent by assumption, it also 
follows that is coherent. 

(d) Let M be the cokernel of the map T{X,u) : T{X,S'') T{X,§^). Then 

jjr jjs ^ ^ is exact. Applying the exact functor (— )^ to this presenta- 

tion of M produces the exact sequence S^ — ^ 0, so coker(u) = 

as required. □ 

5.4. Lemma. Let be a coherent ^-module. Then the natural map M -> 
lim //" Al is an isomorphism. 

Proof. Since is coherent, by shrinking X if necessary we may assume that Ai is 
finitely presented: M = coker(tt) for some morphism u : W — ?> of ^-modules. 
We may then assume that M = for some finitely presented D :— ^(Ar)-module 
M by Proposition I5.3f d). Let zi, . . . , generate /", so that we have the exact 
sequence of finitely generated £)-modules 

M" ^^'""^^'V M M/TM 0. 
By Proposition 15. 3f a). the sequence 

{zi,....z„,) 

^j^Aym ^ j^jA ^ (^M / 1" M)^ ^ 
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is exact, so 

M/I"'M = M^/TM^ ^ {M/I'^M)^ '^^®d 
for any n^l. Hence M = = \iuY&®D M/TM = lim M /P'M . □ 

5.5. Theorem. Suppose that is Noetherian on S, S is coherently ^-acychc and 
is coherent. Then S is also coherently ^-acyclic. If moreover S is coherently 
^-affinc then it is also coherently ^-afhne. 

Proof. For the first part it suffices to show that ii X E S then X is coherently 
^-acyclic. 

Let be a coherent ^-module. For each n ^ I, let M„ := T{X,M/I"M) 
and D„ := r(X,^//"^). Define M := T{X,M), D := T{X,&) and note that 
Dn = D/I'^D by Lemma [El 

By Lemma lOl M is isomorphic to lim M /I^M . Each M / /" is a coherent ^- 

module killed by and is therefore a coherent ^-module. So H^(X,M/I"'M) = 
for all n ^ 1 and alH > and M„ is a finitely generated D- module for all n ^ 1, 
because X is coherently i^-acyclic. Next, the short exact sequence 

->■ rM/T'+^M -^M/I"+^M M/I'^'M 

consists of coherent f^-modules; since H^{X,I'"-A4/T"^^Ai) — 0, each map in the 
tower ■ ■ ■ A/„_(-i — > Mn ^ Mi is surjective. Hence this tower satisfies 

the Mittag-Leffier condition, and it follows from 40, Proposition 0.13.3.1] that 
H'{X,M)=0 for all i > 0. Thus M is F-acycfic. 

Now, the algebra D :— !^{X) is isomorphic to the /-adic completion of D. Since 
D is left Noetherian by assumption, D is also left Noetherian by [121 §3.2.3(vi)]. 
Thus, to show that M is a coherent _D-module it is enough to prove that M is 
finitely generated. Since T{X, — ) is exact on coh(^) by assumption and since 

M/I"M ^ M 
/n-i . {M/P'M) ^ I'^-^M' 

Lemma 15.21 implies that 

for all n ^ 1. Since Mi is a finitely generated Z3i-module, M — M.{X) — limAf„ is 

a finitely generated D :— ^(X)-module by [121 Lemma 3.2.2]. Thus S is coherently 
^-acyclic. 

For the last part it suffices to show that M is generated by global sections. By 
Proposition O M/F'M = ^(g)D Mr,, and M„ ^ M/I"M by [H Lemma 3.2.2]. 
So Lemma 15.41 implies that 

M = lim M/r'M lim ^(g)D M/I'^M = M^. 

Choose a presentation i^i — > Fq — > A/ — > of AI consisting of finitely generated 
free Z)-modules. It indues an exact sequence M^ — !• of coherent 
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^-modules by Proposition 15. Bf a). and a commutative diagram 













with exact rows. ProDOsition l5.3f b) implies that the two vertical arrows on the left 
are isomorphisms, so the map 

is an isomorphism by the Five Lemma and Ai is generated by global sections. □ 

5.6. Notation. Now we return to the setting and notation of and make the 
additional hypothesis that i? is a complete discrete valuation ring with uniformizer 
TT, residue field k and field of fractions K. We will denote the special and generic 
fibres of X by Xk := X x Spec(/c) and Xk '■— X x Spec (if) respectively. We also 
suppose that we are given a locally trivial H-torsor ^ : X — > X over X for some 
flat affine algebraic group H of finite type over R, as in H4.3I Let S :— Sx be the 
base for X consisting of open affine subschemes U oi X oi finite type that trivialise 
5. We fix a deformation parameter n ^ 0. 

5.7. The sheaf Recall the category of deformable i?-algebras from H'S.dl and 
let V denote the relative enveloping algebra of the H-torsor ^. 



(a) The category of deformable R-algebras has all limits, and the forgetful functor 
to R-algebras preserves limits. 

(b) T) is a sheaf of deformable R-algebras. 

Proof, (a) Let {Ai)i^i be an inverse system of deformable i?-algebras with connect- 
ing homomorphisms fji : Aj Ai for j ^ i, and let 



be the inverse limit. Equip Y[ with the product filtration, and A C with 



the subspace filtration. Then yl is a positively filtered i?-algebra, and gr A is an 
i?-submodule of the direct product of the gr^^. Since i? is a discrete valuation 
ring, it follows that gr A is flat over R. 

(b) Certainly 2? is a sheaf of filtered i?-algebras. Let U ^ S; then gi{'D{U)) is 
a locally free 0([/)-niodule by CoroUarv 14.61 and hence is a fiat i?-algebra. Thus 
X>(C/) is a deformable i?-algebra for any U G S. Now 5 is a base for X, so T>{U) is 
a deformable i?-algebra for any open U C X by part (a). □ 

Definition. Let I?„ be the sheafification of the presheaf obtained by postcomposing 
V with the deformation functor A An from i i3.5l 

Note that the Lemma implies that !?„ is in fact a sheaf of deformable i?-algebras. 
It can be shown that the deformation functors do not commute with arbitrary finite 
inverse limits; this explains the need to sheafify. However it is still possible to 
compute local sections of 2?„ over U £ S a.s follows. 



Lemma. 



A limA, = {(a,) G JJ^* ' ■^^^("j) 



ai for all j ^ i} 
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Proposition. 

(a) VniU) ^ V{U)n for all U eS. 

(h) 2?,i([/) is almost commutative Jar all U Cz S. 

(c) There is an isomorphism of sheaves t^^O^;:^ = Sym^T — > gr25„. 

(d) The sheaf Vn is coherent. 

Proof, (a) By [381 §0-3.2.2], it is enough to show that the sequence 

rn 

^ ■D{U)n ^ ViU^ jn T>{U^ H Uj)n 

1=1 i<j 

of deformable i?- algebras is exact whenever U = Ui U ■ ■ ■ U Um is a cover of U by 
some other Ui G S. By Lemma [3.51 and Proposition 14.61 the associated graded of 
this sequence is isomorphic to 

m 

Symo(y) f(;7) ^ Symo(c/^) f((70 Syma^u.nu,)f {U^ n (7,) 

i—l i<j 

and this is exact since Sym^ T is a sheaf on X. Hence the first sequence is exact. 

(b) This follows from part (a), Lemma [3.51 and CoroUarv 14.61 

(c) By Lemma 13.51 for every open subscheme U oi X there is an isomorphism 
of graded i?-algebras gr(I?([/)) — > gr(2?([/)„) which is natural in U. After applying 
sheafification, this induces a morphism of sheaves of graded i?-algebras 

7 : gri? grP„. 

The sections of this morphism over U E S can be identified with gi{T>{U)) — > 
gT{T>{U)n) because U is affine and because !?„([/) — T>{U)n by part (a). Thus 
7(C/) is an isomorphism for all t/ G 5, so 7 is an isomorphism since 5 is a base 

for X. Now precompose 7 with the isomorphism a : Sym^ T — — >■ grV given by 
Proposition 14.61 

(d) Let V C U in S; hy 12, Proposition 3.1.1] it will be enough to show that 
T>n{U) is Noetherian and that the restriction morphism T>n{U) — >■ T>n{V) is flat. 
The first part follows from (a) and (b), and for the second, it is enough to show that 
the morphism grI?„(L/) gr2?„(l/) is flat by [70, Proposition 1.2]. But by part (c), 
this morphism is just the restriction map of regular functions 0{T*U) — >■ 0{T*V) 
corresponding to the Zariski open immersion T*V — >■ T*U and is therefore fiat. □ 

5.8. Good filtrations. Let be a coherent I?„-module. A filtration F,Ai of Ai 
is a sequence C FoAi C FiA4 C ■ ■ ■ of subsheaves of abelian groups of A4 such 
that FiVn ■ FjAi C Fi+jM for all i,j ^ 0. We say that this filtration is good if the 
associated graded sheaf gr := 0i^o Fi-^ / Fi-i-M is a coherent grI?„-module. 

Lemma. Let M he a coherent Vn-module. 

(a) A4 is quasi- coherent as an O-module. 

(b) There exists an O-coherent submodule J- of M such that M = !?„ • F . 

(c) There exists at least one good filtration F,M on M. 

(d) If F,M is a good filtration on Ai, then each FiM is a coherent O-module. 
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Proof, (a) By Proposition IS.Tf c). each graded piece gr^Vn of I?„ is a coherent O- 
module. Since coherent O-modules are closed under extensions by [42l Proposition 
II. 5. 7], each fihered part FiVn is a coherent O-module. Now I?„ is the direct hmit 
of the FiVn, and therefore a quasi- coherent O-module. Since is a coherent 
module, M is locally finitely generated over I?„ and therefore quasi-coherent as an 
O-module. 

(b) By [38l Corollaire 1.9.4.9], Ai is the direct limit of its O-coherent submodules. 
Since M is coherent as a Pn-module, we can find a coherent O-submodule of M 
such that M = Vn ■ T. 

(c) Setting FiM :— FiVn ■ T defines a good filtration on M.. 

(d) This is a local statement, so we may assume that gr is finitely generated 
over grl?„. But then each gr j is a quotient of a direct sum of finitely many 
copies of gr, I?„, which is a coherent O-module by Proposition l5.7f c). so each gr, M. 
is coherent over O. The result follows since coherent O-modules are stable under 
extensions. □ 

5.9. The TT-adic completion 2?„. We now apply the theory from i)5.1l — i)5.5l bv 
taking '3 to be the sheaf I?„ constructed in §5.71 and taking / to be the ideal 
generated by tt. 

Definition. Let 2?„ := lim2?„/7r°I?„ be the 7r-adic completion of 

This is a sheaf of i?-algebras on X and r(?7, 2?„) = limr(C/, 2?„/7r"2?„) for any 

open subscheme U oi X. The restriction of 2?„ to the generic fibre X^ is clearly 

zero, so I?„ is only supported on the special fibre X^ of X. Because X^ is closed 
in X, we identify sheaves on X supported only on X^ with their sheaf-theoretic 
puUbacks to the special fibre in what follows without further mention. 

Proposition. Let U ^ S. 

(a) (Vn/n'^Vn)^^ Vn{U)/^''Vn{U) for all a ^ 1. 
(h) Vn{U) = Vn{U) is Noetherian. 
(c) The sheaf I?„ is coherent. 

Proof, (a) Vn is a quasi-coherent O-module by Proposition I5.7r d) and Lemma 
IS.Sf a). Since U is affine and Noetherian, _ff^(J7, = and the result follows. 

(b) Part (a) gives that P„([/) = P„(C/). But 2?„(L/) = P(C/)„ is Noetherian by 

Proposition 15 . 7f a) and (b), so !?„([/) is Noetherian by 12, §3.2.3(vi)]. 

(c) Let C [/ be in 5; by part (b) and [12, Proposition 3.1.1] it will be enough 

to show that the restriction morphism !?„([/) — > VniV) is flat. By applying [TOl 
Proposition 1.2] twice, it is enough to show that 

gr (v{U)j7TV{U)n) gr (p(T/)„/^P(F)„) 

is flat. By Lemma 13.71 and Proposition 14.61 this morphism can be identified with 
0{T*U)®B.k — > 0{T*V)^iik, which is flat because it is the pull-back of functions 
along the Zariski open immersion T*V Xx Xk — > T*U Xx Xk. □ 
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Corollary. S is coherently Vn-ajfine. 

Proof. It is enough to show that X is coherently Dn-afRne whenever X G S, so 
let's assume that this is the case. ^ 

Since 2?„ is Noetherian on S and coherent by Proposition 15.71 and 2?„ is coher- 
ent by part (c) of the Proposition, by Theorem 15.51 it suffices to show that X is 
coherently I?„-affine, so let be a coherent I?„-module. 

Since X is affine and Noetherian, and A4 is quasi-coherent as an O-module by 
LemmalSlta), H'{X,M) = for aU i > 0. 

Next, choose a good filtration on A4 using Lemma rS.Sf c). Then T{X,grA4) is 
a finitely generated r(X, grI?„)-module by 42, Theorem II. 5. 4]. Since grT{X,A4) 
is a submodule of r{X, gr A^) and T{X, gr2?„) is Noetherian by Proposition \5.7[ c]. 
it follows that Ai{X) is a finitely generated I?„(X)-module. 

Finally, since is a quasi-coherent O-module, and X is affine, AJ is generated 
by global sections as an O-module and therefore as a I?„-module. □ 

5.10. The sheaf Vn^K- Recall the category of complete doubly filtered if-algebras 
from EH 

Lemma. The category of complete doubly filtered K -algebras with positively filtered 
slices has finite limits, and the forgetful functor to K -algebras preserves finite limits. 

Proof. By 57, Theorem V.2.1] it suffices to show that this category has finite 
products and equalisers. 

Let Ai,...,An be complete doubly filtered K-algebras and let A :— YlAi be 
their product as if-algebras. It is easy to check that FqA Yl FoAi is a 7r-adically 
complete i?-lattice in A and that grg A = Ilgi'o^i in the category of fc-algebras. 
By giving grg A the product filtration induced from the grg Ai we can make A 
into a complete doubly filtered i^-algebra that satisfies the universal property for 
products. 

Now let A and B be complete doubly filtered X-algebras with positively filtered 
slices, and let /, 5 : A — > i? be two morphisms. Let C — {a £ A \ f{a) — 5(a)} 
be their equaliser in the category of fsT-algebras; then FqC :— C C\ FqA is a lattice 
in C and it is 7r-adically complete being a closed i?-submodule of FqA. Since B 
is TT-torsion-free, we may identify grp C with a /c-subalgebra of grg A. When we 
equip grg C with the subspace filtration from grg A^ C becomes a complete doubly 
filtered if-algebra with positive slice, since the filtration on grg A is positive by 
assumption. It is straightforward to verify that C satisfies the universal property 
for equalisers. □ 

Definition. The sheaf of completed, deformed, crystalline differential operators of 
the torsor : X ^ X is 

Since if is a flat i?-module, for any open subset U of X we have 
TiU,Vn,K)^T{U,Vn)^RK. 

Proposition. 
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(a) If U Cz S then 'Dn_K{U) is an almost commutative ajfinoid K-algebra and 

(h) 'Dn,K is a sheaf of complete doubly filtered K -algebras whenever X is quasi- 
compact. 

(c) The sheaf Vn.K is coherent. 

(d) 2?„/7rI?„ is isomorphic to Vn/TT'Dn. 

Proof, (a) Since U £ S, I?„(t/) is an almost commutative i?-algebra by Proposition 
15.7( b). and we saw in ^ 35. 71 that !?„([/) is a deformable i?-algebra. Hence 

Vn^KiU) = Vn{U) ®R K ^ P„(C/) ^rK^ V{U)n ®R K 

by Propositions 15.9T b) and I5.7f a). and this is an almost commutative afHnoid K- 
algebra by ProDOsition l3.8l The second statement follows from Corollaries 13.71 and 
ICTa). 

(b) Since X is quasi-compact and locally Noetherian by assumption, every open 

subset [/ of X is the finite union U = [/i U • • • U Um of some Ui £ S. Since Vn.K is a 

sheaf, 'Dn^KiU) is the inverse limit of the 'Dn.K{Ui) which are almost commutative 
affinoid i^- algebras by part (a). Now apply the Lemma. 

(c) This follows from Proposition I5.9f c) . 

(d) The natural map I?„ — > I?„ induces a diagram of sheaves of i?-algebras 



0- 



■0 



with exact rows. By Proposition 15. 9f a) and Corollarv l5.91 the rows of the diagram 

^ V„{U) Vn{U) ^ (Vn/TrVnKU) ^ 



0^ 



■2?„(C/) 



(2?„/7r2?„)(C/) 



■0 



are still exact for any U £ S. Since VniU) is the 7r-adic completion of T>n{U) by 
Proposition I5.9r b) , the third vertical map in this diagram is an isomorphism for 
any U £ S and the result follows. □ 



5.11. Modules over Vn^K and double filtrations. Whenever N is a. sheaf of 
i?-modules on X, let Mk '■= ■N' ®r, K denote the corresponding sheaf of i^-vector 
spaces. Let be a sheaf of X-vector spaces over X and let FqM be a sheaf of 
i?-submodules of M.. We say that FqAA is an R-lattice in M if 

• the natural map {FqAA)k is an isomorphism, and 
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If FqM is an i?-lattice in M, we call grgM FoM/nFoM the slice of M; this 

is a sheaf of fc-vector spaces. For example, I?„ is an i?-lattice in 'Dn,K with slice 
isomorphic to I?„/7rI?„ by Proposition 15. lOf d) . 

Now suppose that is a sheaf of I?„^i<--modules. A double filtration on A4 

consists of an i?-latticc F^M in A4 which is a I?„-submodule, and a positive Z- 
filtration F, giQ A4 on grQ Ai compatible with the filtration on I?„ . We call 

GtM := gr(gro Al) 

the associated graded sheaf of Ai with respect to this double filtration. 

Note that I?„,i<-(C/) is a doubly filtered i^T-algebra by Proposition IS.lOf b) for 
any open U ^ X, and recall the notion of double filtrations on modules over such 
algebras from 

Lemma. Let (FqM, F, gig A4) be a double filtration on a K -module M and let 
U Q X be an open subscheme. 

(a) {{FqM){U), {F, gro A^)([/)) is a double filtration on M M{U). 

(b) There is a natural embedding Gr(Af) ^ (GrA^)([/) of GT{'Dn.K{U)) -modules. 

Proof. Certainly FqM := {FoAi){U) is an i?-lattice and a I?„(C/)-submodule in AI. 
The short exact sequence — >■ FqM A- FqM — >■ grp — >• induces an embedding 

grQ M ^ {grQ M){U) of !?„([/) /7rI?„([/)-modules. The separated filtration on the 
sheaf g^oM induces a separated filtration on {gVQ M){U) and hence a separated 
filtration on giQ M. Taking associated graded modules, we obtain an inclusion 

Gr(A./) = grgrpM gv {{gVQ M){U)) 

of graded gr ^I?„(C/)/7rI?„([/)^ -modules. 

Each short exact sequence — > i^l_l(grQ M) ^i(gi'o — > grj(grQ 7M) — > of 
sheaves induces an embedding 

gr,((groM)([/))-^(gr,(groM))(C/). 

Putting these together gives the required inclusion Gr(Af) ^ (Gr(A^ ))([/) of 

graded Gr(I?„^x(C/))-modules. □ 

5.12. Good double filtrations. 

Definition. Let be a sheaf of I?„^if -modules. We say that a double filtration 

{FqM,F, gTQM) on M is good if FqM is a coherent I?„-module and F, grQ is 
a good filtration on giQ A^ as a I?„-module. 

Proposition. Let M be a coherent Dn^K -'module. 

(a) M has at least one good double filtration (FoM^F^gT^M). 

(b) If {FQM,FtgiQM) is a good double filtration on M then for any U € S, 
{{FoM){U), {F, giQ M)(U)) is a good double filtration on M{U) and the map 

Gt{M{U)) ^ {GtM){U) 

appearing in Lemma \5.1lY b) is an isomorphism. 
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Proof, (a) By the proof of [T2j Lemma 3.4.3], we can find a coherent I?„-submodule 
Af oi M such that the natural map J^k — >■ is an isomorphism. Since Af = 
\im Af /iT^Af by Lemma 15.41 Af is an i?-lattice in A4. Now Af/irAf is a coherent 

I?„/7rI?„-module and I?„ surjects onto 2?„/7rI?„ by Proposition 15. lOr d) . so Af /ttN 
is also a coherent I?„-module. We can therefore find a good filtration F,{Af / ttN) 
on TV/ttTV by Lemma I^TST c). Thus {Af ,F,{Af /ttAI)) is a good double filtration on 
M. ^ _ 

(b) Since ToAA. is a coherent 2?„-module, H^{U,J^oA4) = by Corollary 15.91 so 
the inclusion giQ{Ai{U)) ^ {gVQ A4){U) is an isomorphism. The cokernel of the 
inclusion 

giM^o Mm) ^ {gr.igTo M)){U) 

is precisely H^{U, Fi-i giQ A4) which is zero because U is afhne and Noetherian and 
because grp is a coherent O-module by Lemma ISTST d) . Therefore 

Gr(M(C/)) (GrX)(C/) 

is an isomorphism. Now Gr is a coherent gr I?„-module by assumption and U is 
affinc and Noetherian, so (Gr A4){U) is a finitely generated (grI?„)(t/)-module. 
But gr2?„ = T^:Ofj^ by Proposition I5.7r c) and {Gv AA){U) is killed by tt, so 

Gr(X(C/)) = {GrAA){U) is a finitely generated Gr(P„,K(C/))-module by Propo- 
sition [51121; a). □ 

5.f3. Theorem. S is coherently I?„^x-afhne. 

Proof. Since is coherent by Proposition l5.f Of d). once again it suffices to con- 

sider the case where X € S and show that X is coherently I?„jf-affine. 

By Proposition I5.f 2f a). AA has an i?-lattice FqAA that is coherent as a I?„- 
module. By Corollary 15.91 i^oA^ is F-acyclic, FqAA{X) is finitely generated as a 

I?„(X)-module and i^oA^ is generated by global sections. The result follows easily 
from this together with the fact that H^X, M) = H\X, FoAA)<Sir K for all i ^ 0. 
This latter is true because X is a Noetherian space, so cohomology commutes with 
direct hmits by [42, Proposition IIL2.9]. □ 

5.14. Characteristic varieties. Let A^ be a coherent I?„^x-module. Pick a good 
double filtration on A4 using Proposition I5.12| then Gr(A^) = gr(grQ A^) is a co- 
herent grI?„-module and grl?„ = t»C'j;:j^ by Proposition 15. 7f c'). 

Definition. The characteristic variety of A4 is the support of Gr(A^) regarded as 
a sheaf on the enhanced cotangent bundle T*X. More precisely, writing Gr(Al) for 
the Oj^-module (^r-^T-^o--^ '''^^(Gr(A^)), we define 

Ch{M) Supp(&(Al)) C Fx. 

Since Gr(A^) is a coherent sheaf on T*X, Ch(A^) is closed. Ch(A^) is actually 
contained in the special fibre T*Xk of the enhanced cotangent bundle because 
Gr(A^) is annihilated by tt. 
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Lemma. Let A4 be a coherent Vn^K -''nodule and let U E S. Then Ch{Ai)nT*U = 
Ch{M{U)). 

Proof. By Proposition I5.12f b). the good double filtration on A4 induces a good 
double filtration on X(C/) such that GrX(C/) = (GrX )(;/). Then 

Ch{M{U)) = Supp(Gr(X(C/))) = Supp{{G^M){U)) 
= Supp{(^kM^rfru) = Ch{M)n'Fu 

as required. □ 
Corollary. 

(a) Cli(A^) does not depend on the choice of good double filtration on Ai. 

(b) If ^ C ^ Ai ^ J\f ^ is a short exact sequence of coherent K -modules 
thenCh{M) = Gh{C)UCh{Af). 

Proof. By the Lemma, Ch(A^) = [jjj^g Ch{Ai{U)) only depends on the local sec- 
tions Ai{U) of Al. It follows from Theorem 15.131 that r{U,—) is exact on coherent 

-modules, and now both parts follow from Proposition 13. 31 □ 

5.15. Coherent cohomology. Wc now specialise to the setting of so that 
X is the flag variety and ^ : B ^ B is the locally trivial H-torsor from the basic 
affine space to the flag variety. Recall the enhanced moment map /3 : T*B g* 
from §4.81 and the enhanced cotangent bundle t : T*B B from §4. 




Let be a 2?„-module. Then H'{B,M) ®.^^H\B,M) is naturally a 
r(B, I?„)-module, and we can view it as a C/(0)„-module via the natural map : 
U{Q)n — >■ r(i3,I?)„ — ViB^Vn) obtained by applying the deformation functor to 
the morphism U{ip) : U{q) — ?> I? of dcformable i?-algebras defined in §4.91 and then 
sheafifying. 

Proposition. Let M be a coherent 'Dn-module and let F^Ad be a good filtration 
on A4 . Then 

(a) H*{B, grAd) is a finitely generated 0{Q*)-module, and 

(b) H*{B,Ai) is a finitely generated U{Q)n-module. 

Proof, (a) The morphism r : T*B B is affine. By definition, gr is a coherent 
gr2?„ = r*C'^^;:rg-module. Thus if we define gr = Of^-^ ^r-^T.o^-^r^ (gr.^); 
then gr is a coherent O rfr^-modnlc such that r^^gr A^ = gr A^. Next, 

H'{B,gi-M) = H'CFb,^^) 

by [lOl CoroUaire IILl.3.3]. Since the enhanced moment map (3 : T*B — )• g* 
is projective by Proposition 14.8( b). R'/3^,grAi is a coherent Og^-module by [42l 
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Theorem IIL8.8(b)]. Since g* is affine, r(0*, i?'/3,gr7W) ^ H'(T*B,grM) by [42l 
Proposition III. 8. 5] and therefore H'{B, gr A^) is a finitely generated C'(g*)-niodule. 

(b) The fihration F,A4 on A4 induces a fihration on any Cech complex comput- 
ing H'{B, M) and hence a convergent third octant cohomological spectral sequence 

El' = H'+'{B,gT^,M) => W+'{B,M). 

This spectral sequence implies that gi H'{B,Ai) is a subquotient of H*{B,gTA4) 
as a gr C/(g)„-module. But gi U{g)n is Noetherian because it is isomorphic to 5(g) 
by Lemma [3.51 and the result follows. □ 

5.16. Characteristic varieties of global sections. The set of global sections 

r{B,M) of a 2?„^_ft:-module is a module over A U{g)n,K via the completed 

deformed ring homomorphism (p^^ ; A — > ^{B, T>n^K), and A is an almost commu- 
tative affinoid K-algehia. by Proposition 13.81 The next result is an analogue of pTj 
Lemma 1.6(c)]. 

Proposition. Let A4 be a coherent Vn^K -module and let M — r{B,Ai). Then M 
is a finitely generated A-module and 

Ch(Af) C /3(Ch(X)). 

Proof. Choose a good double filtration on M. . Then by Lemma 15.111 it induces a 
double filtration on M and there is a natural embedding 

Gr(A/) r(6,Gr(X)) 

of Gr{A) = S'(gfc)-modules. By Proposition 15. 15f a) . T{B,Gt{M.)) is finitely gener- 
ated over S{Qk)- Since S{Qk) is Noetherian, Gr(M) is a finitely generated Gt{A)- 
module and hence the double filtration on M is good. Hence M is finitely generated 
over A by Lemma 13.21 and 

Ch(M) = Supp(Gr(M)) C Supp(r(6, Gr(X))). 

Let F := &\M «)r-ir.o^;^g Gy{M) so that Ch{M) = Supp(J"). Since 

Gr(A^) is already a t,©,^;;;^— module, the natural map Gr{M) — > J" is an isomor- 
phism. But T : T*B — > S is an affine morphism, so 

r{B, Gt{M)) = r(s, T, J-) = r(f^8, j-) = r(0*, ^,j^). 

Whenever f : X ^ Y is a continuous map between topological spaces and ^ is a 
sheaf of abelian groups on X, we have Supp(/,fJ) C /(Supp(fJ)). Hence 

Ch(M) C Supp(r(S,Gr(X))) = Supp(r(0*,/3,J-)) = Supp(^*J') C (3{Gh{M)) 

because g* is an affine scheme. Finally Ch{A4) is a closed subscheme of T*B since 
is coherent, and /3 is a proper morphism by Proposition 14.81 and [42. Theorem 
II.4.9], so l3{Ch{M)) is closed and the result follows. □ 

5.17. The localisation functor. Let M be an A := C/(g)„.i<--module. For any 
open subscheme U ^ B, the algebra I'n.if(C^) is an A-module via ring homomor- 
phism (^^^ : U{g)n,K ^ T^n,K{U). We can therefore define the localisation functor 

Loc : U{Q)n,K — mod — > P„,a' — mod 
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by letting Loc(-M) be the sheafification of the presheaf U i-> 'Dn,K{U) on 
B. This functor is right exact because it is the left adjoint to the global sections 
functor r. 

Proposition. Let M be a finitely generated A-module and let M =Loc{M). Then 

(a) M is a coherent 'Dn,K -module. 

(h) IfU eS thenM{U) ^VnMU)®AM. 

Proof, (a) Since A is an almost commutative afRnoid if-algebra, it is Noetherian 
by Lemma f3.2f bV Hence we can find a presentation i^i -> Fq — !• A/ — )■ of M, 
where Fq and Fi are finitely generated free A-modules. Since Loc is right exact, 

we obtain a presentation Loc(i^i) — > Loc(Fo) — > — > 0. Since Loc(yl) = 2?„,if is 
coherent by Proposition 15 . lOf c) . we deduce that M is also coherent. 

(b) Let N :— 'Dn^K{U)^AM, a finitely generated I?„jf (t/)-module. The restric- 
tion oi A4 to U is isomorphic to I?„ K\Tr ®~ — N, and it follows from Theorem 
I5.13l tliat the sections of this sheaf over U are simply N. □ 
5.18. The characteristic variety of Loc(Af). 

Lemma. Let M be a finitely generated A := U{g)n.K -module, let U ^ S and let 

B := 'Dn,K{U). Then every good double filtration on M induces a good double 
filtration on N := B ®a M and a natural surjection 

Gt{B) ®Gr(A) Gr(A/) -» Gr{N). 

Proof. Let FqN be the image of FqB i^PoA FqM in N. Then FqN ■ K = N and 
FoN is a finitely generated Foi?-submodule of N, so FqN is an i?-lattice in N by 
Proposition I3.2f a) . Moreover the grp i?-module grp = FqN/ttFqN is a quotient 
of gro B A gro M. 

Equip grQ N with the quotient filtration induced from the tensor filtration on 
gro S(8)gr^ Ag^o ^'I- Then Gi{N) is a quotient of Gr(_B)(X)Qi.(^) Gr(A'f), which implies 
that the filtration on grp A as a grp i?-module is good. □ 

The following result is an analogue of [17, Proposition 1.8]. 

Proposition. Let M be a finitely generated A-module and let M — Loc(M). Then 

l3{Ch{M)) C Ch(A/). 

Proof. Choose a good double filtration on M using Proposition I3.2f b) . Since A4 is 

a coherent I?„^A'-niodule by Proposition 15 . 1 7f a) . 

Ch(Al) = U Ch{M{U)) 
ues 

by Lemma 04l Let U € S and let B = Vn,K{U). Then := M{U) is equal to 
B ®A M by Proposition 15.1 7f b) . and A carries a good double filtration such that 
Gr(A) is a quotient of Gr(_B) ®qi(a) Gr(M) by the Lemma. Therefore 

Ch(A) Supp(Gr(A)) C Supp(Gr(B) ®g,^a) Gr(A/)) C /3-i(Supp(Gr(Af))) 

by [all §0.4.3.1], and the resuh follows. □ 
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6. The Beilinson-Bernstein theorem for ^ 

We continue with the notation from §4.71 in this section. R wiU denote a complete 
discrete vahiation ring of arbitrary characteristic, unless stated otherwise. 

6.1. Serre twists. The scheme B is projective over R by UHl §11.1.8]. Fix an 
embedding i : B ^ into some projective space over R and let C := i*0{l) be 
the corresponding very ample invertible sheaf on B. 

For any Og-module M and any s S Z, we let M{s) := M ^"^^ denote the 
Serre twist of Ai . 

Lemma. Let J- be a coherent Ois-module. Then there exists an integer u ^ such 
that J-{s) is generated by its global sections and is T-acyclic whenever s ^ u. 

Proof. Because C is very ample, this follows from Serre's Theorems \42i Theorem 
II.5.17 and Theorem 111.5.2(b)] □ 

We will first study coherent modules over the sheaf of algebras 

C ■■= Synio^ (Ob ® g) = » S{b). 

Proposition. Let M be a coherent C-module. Then there exists an integer t such 
that A4{s) is T-acyclic whenever s ^ t. 

Proof. Consider the following diagram of schemes over Spec(i?): 



Bxg* 




Spec{R). 



Since C = p^O^xg' , f3^. Proposition II. 1.4. 3 and Corollaire II. 1.4. 5] show that there 
is a coherent O^xg^-niodule A/" such that M = p*Af. 

Now by 39, Proposition 11.4.6.13(1)], the invertible Og. -module Og* is ample 
relative to idg*, so [39, Proposition II.4.6.13(iv)] gives that p*£ = C Og* is 
ample relative to q. Thus it follows from the relative version of Serre's Theorem, |401 
Theoreme III.2.2.1(ii)], that 7V(s) := Af^Osy.e* (P*^)'^' is g*-acyclic for sufficiently 
large values of s. 

Since g* is affine, jUJl, Proposition III. 1.4. 14] implies that 

H\B X g*,Af{s)) = Tig*,R'qMis)) = 

for i > and s sufficiently large. On the other hand, because p is an affine mor- 
phisni, 40, Corollaire III. 1.3. 3] tells us that 

H\B X g*,Af{s)) = H\B,pM{s)) 
for all i and s. It remains to show that whenever is a coherent Oj^xs'-niodule, 

as then p^{U{s)) = A^(s) for all s ^ 0. But this follows from [3i §0.5.4.10]. □ 
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Corollary. Let M be a coherent Vn-module. Then there exists an integer t such 
that M(s) is T -acyclic whenever s ^ t. 

Proof. Choose a good filtration on A4 using Lemma [^TSf c'): then gr is a coherent 
grI?„-module. By ProDOsition l4.8r a) . the natural map (p : O^^g Tb is surjective, 
so C surjects onto gr(2?„) = Sym^,^ Tg by Proposition l5.7f c'). So gr is a coherent 
C-module and therefore there exists an integer t such that 

gi{M{s)) = {giM){s) 

is F-acyclic for all s ^ t by the Proposition. Because B is Noetherian, cohomology 
commutes with direct limits by [HI Proposition III. 2. 9]. Therefore each homo- 
geneous component grjA^(s) is P-acyclic and each filtered piece FiM{s) is also 
F-acyclic. Finally A4{s) is the direct limit of the FjA^(s) and therefore is also 
F-acyclic, whenever s ^ t. □ 

6.2. The geometric translation functor. Let A be one of the sheaves Dn, 'Dn 
or 'Dn^K- For every integer s we can consider the twisted sheaf 

As an Cg-module this sheaf is isomorphic to A, but it is also naturally a sheaf of 
rings which a priori is not isomorphic to A. Of course, locally the sheaves of rings 
A^'^^ and A are isomorphic. We believe there to be a global isomorphism but we 
will not need it. 

Note that for every yl-module N , the twisted sheaf {s)N := ®Ob is 
naturally an y^'^^'^-module by contracting tensor products. If £ is trivialisable on 
U then {s)N\u is isomorphic to N\u as .4|;7-modules if we view A\u as acting on 
{s)N\u along a local isomorphism A\u — >■ A'^'^^u- 

We retain the notation A{s) to mean the left yl-module A^Ob^'^'^ with A acting 
on the left factor. 

Lemma. Let s ^'L. 

(a) A^"^^ is a coherent sheaf of rings. Moreover Vn = Vn"^ as sheaves of rings, 
(h) If M is a coherent A-module, then {s)J\f is a coherent A'''^^ -module. Also A{s) 
is a coherent A-module. 

(c) The functor M ^ i-^)^ exact. 

(d) If T is an O^-module and i,u e Z, then 

as A'^*'^^^ -modules. 

Proof, (a)-(c) are all local properties that may be verified by working on a base that 
trivialises C together with the corresponding statements for the untwisted objects. 

For (d) we observe that J^{u) and {u)F are canonically isomorphic as Og-modules 
and contract various tensor products. □ 

6.3. A family of generating objects. The following result is essentially [JHl 
Proposition 3.3(i)], but we give the proof for the benefit of the reader. 

Theorem. The sheaves {2?n,/f (s) : s G Z} generate the category of coherent 'Dn,K- 
modules. 
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Proof. We set A ~ Vn to aid legibility. Let Ai £ co]i{Ak) and choose a good 
double filtration {FqM, F, gr^^ M) on M using Proposition 15. 121 Then grgTW is a 
coherent y^-module, so by Corollarv l6.1l we can find an integer t such that (grp M){s) 
is F-acyclic for all s ^ t. Since (grQA^)(s) = (s)grQA^ as sheaves of Og-modules 
we may deduce that (s) grp A4 is also F-acyclic for all s ^ t. 

Next, since (t)(grQ A^) is a coherent ^^*-'-module by Lemma r6.2f b). we can find 
a coherent Og-submodule of (i)(gro A4) which generates it as an ^^*)-module by 
the proof of Lemma IS-Sf b) ; this gives a surjection 

of y^'*^-modules. Twisting this by £®" on the left and applying LemmaE^Id) gives 
surjections 

of ^'^*+"'-modules for any integer u. 

Now by Lemma [6.11 there is a surjection -» T{u) for some integers a ^ 1 
and u ^ 0. We therefore obtain a surjection 

of -modules. Let s := t + u; then (s)(grg Ai) is F-acyclic and generated as a 

yt^^^-module by its global sections. 

Let J\f := FoA4, a coherent .A-module and /C := (s)A/' its twist. Since M has no 
TT-torsion, for alH ^ there is a short exact sequence of sheaves 

^ gro M ^ JV/tt'+'^JV JV/nW 0. 

Since also H^{B, (s)(grQ Al)) = 0, twisting this sequence by C®^ on the left and 
taking cohomology shows that the arrow 

F(6,/C/7r*+i/C) ^ F(S,/C/7r'/C) 

is surjective for all z ^ 0. 

Thus a finite subset of T{B, (s)(grQ M)) generating (s)(grQ M) as a ^("^-module 
may be lifted inductively to elements lui , . . . , € limr(y8, /C/tt'/C). 

Since /C is a coherent ^'"^ = ^(*)-module, 1C{U) is 7r-adically complete for each 
17 e iS by [m §3.2.3(v)], so the natural map JC — )■ lim/C/7r'/C is an isomorphism. 

Pulling back the Wi along this isomorphism on global sections gives a finite collection 
of elements in F(S,/C) that generate as a ^^''^-module by Nakayama's Lemma. 

We therefore obtain a surjective map {^A^'^^^ -» /C of ^'^^^-modules, and by twisting 

back by on the left, a surjective map 

of left ^-modules. But {—s)A^'^^ = A{—s) as left ^-modules by Lemma r6.2f d). so 
we obtain a surjective map (!?„(— s))° -» A/" of 2?„-modules, and after inverting tt 
a surjective map (I?„_if (— s))° ^ of 2?„j<--modules, as required. □ 
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6.4. Twisted differential operators. We can apply the deformation functor to 
the map j :[/(())—> I? defined in H4.4l to obtain a central embedding of the constant 
sheaf U{i))n into I?„: 

[/([))„ -^P„. 

Each linear functional A e Hom7?(7r"f). i?) extends to an i?-algebra homomor- 

phism C/(f))n ^> U{tt"1)) — ?> R and gives R the structure of a f/(f))„-module which 
we denote by R\. Until the end of Sj6]we fix A e Homit',(7r"f), i?). 

Definition. The sheaf of deformed twisted differential operators T)^ on B with 
parameters n, A is the central reduction 

P,^ Vn (g,u(t,)„ Rx. 

We give Rx the trivial filtration =: F^iR\ C R\ —: FqRx as a t/([))„-module, and 
we view as a sheaf of filtered i?-algebras, equipped with the tensor filtration. 

Lemma. 

(a) Let U E S. Then (2?^)|^ is isomorphic to {'Dn)\u o,^ ^ sheaf of filtered R- 
algebras. 

(h) is a sheaf of deformable R-algebras. 

(c) There is an isomorphism of sheaves gr T>^ = Sym^ T ■ 

Proof, (a) Let be a sheaf of deformable i?-algebras on B and let Fn be the 
sheafification of the presheaf V i— > F{V)n- Since sheafification commutes with 
restriction, we see that {Fn)\u is naturally isomorphic to {F\ij)n- 
Next, by Propositions 13.61 and 14.61 there are sheaf isomorphisms 

(V\u)n ® C/(fl)„ ^ {V\u ® f/(t)))„ ^ {V\u)n = {Vn) 

which induce an isomorphism (V^)^^ — > {T>n)^jj of sheaves of filtered i?-algebras. 

(b) Since U is affine and Noetherian, it follows from that gr(2?(L/)) is a 
locally free C'(f7)-module. Now proceed as in the proof of Lemma ISTTT b) . 

(c) The universal property of sheafification together with [S51 §1.6.13] induce a 
morphism of sheaves 

Rx ^ grl?^ 

Now Sym^ T = gri'n by Proposition l5.7f c) and this isomorphism sends the image 
of S'((]) in SyniQ T to gr U (f))„ C gr I?„ by construction. Since gr Rx is the trivial (]- 
module R by definition and gr [/(())„ = S{1)) by Lemma l3.5l we obtain a morphism 
of sheaves of graded i?-algebras 

Sym^f ®s(f,)i?^grP^. 

Now the short exact sequence 0->f)(g)O^r^r^0of locally free sheaves 

on B from Lemma 14.41 induces an isomorphism SyuiQ F (Ei s {t]) R Sym^T. 
We finally obtain a morphism of sheaves of graded i?-algebras 

Sym^r ^grP^ 

which is seen to be an isomorphism over any U € S hy part (a). □ 
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6.5. Completions and central reduction. The following elementary Lemma 
will be useful in what follows. Recall that if M is an i?-modulc then M denotes its 
TT-adic completion. 

Lemma. Let B ^ A be a map of Noetherian R-algebras and let M be a finitely 
generated B-module. Then A®gM is ■n-adically complete, and there is a natural 
isomorphism of R-modules 

tpM ■■ A®^M — >A®qM. 

If B ^ A is a central embedding and M is a cyclic B-module, then ■0m is an 
R-algebra isomorphism. 

Proof. The first part follows from [121 §3.2.3(iii), (v)]. Hence the natural map 
A®B M -J> A®j^M extends to an i?-linear map V'm : A®b M — > A®g M. 
Because A and B are Noetherian, it follows from [12l §3.2.3(ii)] that the functors 
A ®B — and A (Ejg — are right exact. Since ip is a. natural transformation between 
these functors such that -05 is an isomorphism, we can pick a presentation for M 
by finitely generated free i?-modules, apply both functors to this presentation and 
invoke the Five Lemma to deduce that ipM is an isomorphism. 

The last statement is now clear. □ 

Definition. Let liml?^/7r°l?^ be the 7r-adic completion of 2?,^ and let 

Since the discrete valuation ring R is already 7r-adically complete by assumption, 
Rx is already a L/(f))„-module; we will denote the [/(f))„^x-niodule Rx K by 
Kx. 

Proposition. 

(a) If U E S then kO-^) ~ T^iU)n,K is an almost commutative affinoid K- 
algebra and Gr(5£^([/)) = 0{T*Uk). 

(b) T>n.K is a sheaf of complete doubly filtered K -algebras. 

(c) There is an isomorphism 2?^ ^ T>n,K — -^-^ '^f sheaves of complete 
doubly filtered K -algebras. 

(d) The sheaf T>^ is coherent. 

Proof. In view of Lemma l6.4| parts (a) and (b) follow from the proof of Proposition 
15.101 after making appropriate changes. 

(c) For each U £ S, [/(())„ T>n{U) is a map of Noetherian _R-algebras. Since 
Rx is TT-adically complete, there is thus an isomorphism of complete _R-algebras 

■■ V,,{U) ^u{t,)„ Rx ^ ^n{U) Rx 

by the Lemma. The reduction of ipu mod tt is a morphism of filtered algebras 
and the family of morphisms {ipu)ues is compatible with restriction, so induces 

the required isomorphism 'ib ■ — > T>n k (^,rrzr~ Kx of sheaves of complete 
doubly filtered K-algebras. 

(d) Since T>^ ^ is a quotient of T>n,K, this follows from Proposition 15 . lOf c) . □ 
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We will henceforth identify coh(I?^ ^) with the full subcategory of coh(I?„^x) 
consisting of sheaves such that 7r"f) acts via the character A. 

6.6. The generic fibre. The sheaf := (E)b. K docs not depend on the 
deformation parameter n. Its restriction to Bk is naturally isomorphic to a classical 
sheaf of twisted differential operators in the sense of Beilinson and Bernstein [8] . 
The next result allows us to apply the classical theorem of Beilinson-Bernstein 

to those T)-^ ^-modules that 'can be uncompleted'. 
Theorem. Let M he a coherent V^^-module. 

(a) If Mk is generated by global sections as a V^-module, then Mk is generated 
by global sections as a 2?^ j^-module. 

(b) If A4k is T-acyclic, then so is A4k- 

Proof Note that H^{B, Mr) = H'{B, M)®rK for all i by [42, Proposition III.2.9]. 
(a) Let vi,...,Va & T{B, Mk) generate Mk as a P^-module; by clearing denomi- 
nators we may assume that these generators all lie in T{B, M). Let a : (V^)"- — > M 
be the map of I?;^-modules defined by these global sections; then C :— coker(Q;) is 
coherent and Ck = by assumption. Thus we have an exact sequence 

in coh(I?^). By Lemma [5.8f a). the functor T{U,—) is exact on coh(I?;^) for all 
U E S. Since T>^{U) is Noetherian by Lemma [6.41 and since tt e T)^iU) is central, 
the functor of 7r-adic completion is exact on finitely generated I?^(?7)-modules by 
[121 §3.2.3(ii)]. Hence the sequence 

(i?lp(c/) ^ M{u) ajT) 

is exact for all U E S. Hence the sequence of sheaves 

is exact. Now C is 7r-torsion and coherent as a P^-module, so tt'^C = for some in- 
teger m since B is quasi-compact. Hence 7r™C — also and therefore the morphisni 
Sk ■ kT ^ -^K is surjective. 

(b) By Proposition l5.151 H^{B, A4) is a finitely generated J7(g)„-module. On the 
other hand, it is 7r-torsion when i > by assumption. Since tt is central in U{q)„, 
we deduce that there exists an integer m such that it"^H^{B,M) = for all i > 0. 

Now for all a, & ^ there is a commutative diagram 

^M^^M ^M/n''+''M ^0 

tt" id -^a.b 

^M^^M ^M/ti''M *-0 
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of sheaves of coherent P^-modules with exact rows. This induces a commutative 
diagram on cohomology 

H'{B,M) H'{B,M) ^ H' {B, M /tt'^+^'M ) ^ H'+\B,M) 



id 



H'ir 



H'{B,M) H'{B,M) ^ H'{B,M/tt''M) ^ H'+\B,M) 

with exact rows for each i ^ 0. If a ^ to then the last vertical arrow is zero, 
since n"^ H^+^ {B , M) = 0. Thus the image of H^Ta^b) is the image of H'-{B,M) in 
H\B,MI-K^M). 

It follows that the projective system W {B , A4 / A4) satisfies the Mittag-Leffler 
condition for each i ^ and so by [101 Proposition 0.13.3.1] together with Lemma 
[EUthat H'{B,M) \miH'{B,M/Tr''M) for ah i > 0. Taking the projective limit 

of the columns of the cohomology diagram for i > and using the fact that the 
maps in the first and last columns are zero for a 5^ to we then obtain isomorphisms 
H\B,M) = H'{B,M), whence 

H'{B,Mk) = H\B,M) ®rK^ H\BM) ®rK:^Q 
whenever i > 0, as claimed. □ 

6.7. Integral and dominant weights. We assume from now on that G is semisim- 
ple and simply-connected, and that ii' is a field of characteristic zero. 

Let /ii, . . . , /i; G t) be the simple coroots corresponding to the simple roots in t)|f 
given by the adjoint action of H on g/b, let wi, . . . , G f)|f be the corresponding 
system of fundamental weights and let p — uji + . . . + lji. Thus uji(hj) = dij for all 
i,j and any /z G f)^ can be written in the form /i = X)!=i Since if is a 

field of characteristic zero, f)}^ contains an isomorphic copy Zwi © • • • © Zw; of the 
weight lattice A of the group H. Since f) is spanned by the hi over R — see [IHl 
§11.1.6, §11.1.11] — our space of twists IIom/j;(7r"f), i?) can be naturally identified 
with 7r-"i?(g)z A. 

Recall that a weight /.t G f)^ is said to be integral if /i G A C f)^ or equivalently 
fj-{hi) G Z for all i. An integral weight ^ is said to be dominant if jiihi) ^ for 
all i. Following [S] we extend this notion to non- integral weights as follows: an 
arbitrary weight /i G fl|j- is dominant if n{h) ^ {~1, ^2, —3, • • •} for any positive 
coroot G f). Finally, we will say that A is p-dominant if A + p is dominant. 

Theorem. // A is p-dominant, then {B ^T)^ ^{s)) — for all i ^ 1 and all 
integers s. 

Proof. Apply Theorem I6.6r b) and paragraph (iii) of the proof of ^8, Theoreme 
Principal], noting that our sheaf is their sheaf 2?a-i-p- Our ground field K is not 
algebraically closed, but this part of the proof of the Beilinson-Bernstein Theorem 
does not require this assumption. □ 

Corollary. If X is p-dominant, every coherent I?^ j^-module is T-acyclic. 

Proof. Let Ai G coh(2?;^ ^) and let d ~ diniS. Using Theorem 16.31 choose a 
resolution 

— >rd^ Vd-i ■■■^Vo^M^o 
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where each Vi is a direct sum of right twists of ^. Now if A^^ = Im/i, then 
for each i ^ 1 the long exact sequence of cohomology together with Theorem 16.71 
shows that 



H\B,M) = H'+\B,Mi) = ■■■ = W+'^{BMd) = 
by m Theorem III.2.7]. 

We now start working towards computing the global sections of T)^. 



□ 



6.8. Restrictions on the prime p. Let p be the characteristic of the residue field 
k of R. Recall that p is said to be had for an irreducible root system $ if 

• p — 2 when ^ = Bi, Ci or Di; 

• p = 2 or 3 when $ = Eq.E'j, or G2 

• p = 2, 3 or 5 when $ = Eg. 

We say that p is bad for G if it is bad for some irreducible component of the root 
system of G, and we say that p is a good prime for G if p is not bad. Finally p is 
said to be very good for G if p is good and no irreducible component of the root 
system of G is of type Amp-i for some integer m ^ 1. 

We assume from now on that p is a very good prime for G. 

6.9. Rings of invariants. Recall that we have chosen a Cartan subgroup T of 
G in ij4.10[ and that it induces a root space decomposition g = n © t ® n+ of g. 
The Weyl group W of G acts naturally on t and hence on the symmetric algebra 
S{i). On other hand, the adjoint action of G on g extends to an action on C/(g) by 
ring automorphisms. This action preserves the filtration on C/(g) and induces the 
adjoint action of G on grL/(g) = '5'(g). Let 

^ : 5(g)« ^ 5(t) 

be the composition of the inclusion S'(g)*^ ^ ^(g) with the projection S{q) -> S{i) 
along the decomposition S{g) = S{t) ® (n5(g) + S'(g)n+). By [27l Theorem 7.3.7], 
the image of ip is contained in S{t) n 5(t/f )^ = 5'(t)^, and ip is injective. 

Let C/(g)*^ denote the subalgebra of G-invariants of [/(g). Since taking G- 
invariants is left exact, there is a natural inclusion 



i : gr(C/(g)^) ^ 5(g) 

of graded rings. Inspired by the ideas contained in 
the associated graded ring of [/(g)*^. 

Proposition. The rows of the diagram 



0' 



?r(C/(g) 



5(g)« 



■gr({/(g)G) 



§9.6], we can now compute 



Ipk 



0- 



S{i) 



w ^ 



S{i) 



w 



Wfc 



are exact and each vertical map is an isomorphism. 
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t* ■!/>* 

Proof. We view this diagram as a sequence of complexes C — ?> D' E'. It is 
easy to check that each complex is exact except possibly in the right-most non-zero 
entry. Since p is very good for G and G is simply-connected, it follows from |26l 
Corollaire du Theoreme 2] that E* is actually exact. 

Now tp is injective by \27\ Theorem 7.3.7] and ipk is an isomorphism by |501 
Theorem 4(i)] since p is good, so ip* o l* is also injective. Consider the short exact 

sequence of complexes — )■ C* E* F' ^ where F* := coker(?/'* o 

l'). Since E* is exact and H°{C') = H^{C') = 0, the long exact sequence of 
cohomology shows that iJ"(F*) = H^{F') = and that there is an isomorphism 

H\F*) ^ H^{C'). 

Since ^pK ° ■ E'^{U{qk)^'^) — >■ S{tK)^^ is an isomorphism by [27l Theorem 
7.3.7], we see that F° = = coker(V' o i) is 7r-torsion. But since H°If*) = 0, the 
sequence F" ^ i^Ms exact whence F° ^ F^ ^ 0. Hence H^{F*) = H'^{C') ^ 
and the top row C of the diagram is exact. 

Finally, since ip* o l* : C* — E* is now an isomorphism in all degrees except 
possibly 2, it must be an isomorphism by the Five Lemma. The result follows 
because ip* a-nd l* are both injections. □ 



Corollary. gr(C/(0)*^) is isomorphic to a polynomial algebra over R in I variables. 

Proof. Since o i is a graded isomorphism by the Proposition, this follows from 
[261 Theoreme 3] and [49l §1.2.10(3)]. □ 



6.10. Global sections of ^. It follows from Corollarv 16.91 that U{g)'^ is itself 
a commutative polynomial algebra over R in I variables. Hence 



K 



is a commutative Tate algebra in / variables. 

The commutative square in Lemma [4.101 consists of deformable i?-algebras. Ap- 
plying the deformation functor to it we obtain another commutative square of 
deformable i?-algebras 



(C/(0)°)„ 



c/(t)„ 



U{Q)n 



■Vr, 



We view the ?7(f))„-module R\ as a (J7(g)*^)„-module via restriction along the 
map (i o (p)n : {U{Q)'^)n -> U{l))n, and let K\ := R\ (gj^ K be the corresponding 

[/(0)^^-module. We make the following definitions: 

• ^ U{Q)n ®(;7(fl)«)„ -Ra, 

• := limU^/n'^U,^^, and 



48 



KONSTANTIN ARDAKOV AND SIMON WADSLEY 



Because the diagram commutes, the map U{if)n ® [j ° i)n ■ U{g)n <8) U(t)n 'Dn 
factors through {U{g)'^)n and we obtain algebra homomorphisms 



^ P,^, and 



It is not immediately clear whether U^^ is a deformable i?-algebra as it could a 
priori have 7r-torsion. Presumably gr[/(0) is a free module over gr ([/(fl)*^), which 
would imply that is deformable. However we will not need to prove this. 

Theorem^__^ 

(a) K U{g)n.K '^ttT'Tg is an almost commutative affinoid K -algebra. 

(h) The map '/'^ • K — ^ ^('^'■^n_R') isomorphism of complete doubly 

filtered K-algebras. 

(c) There is an isomorphism S{gk) 'SSsigk)'^'' ^ ^^i'^n k)- 

Proof, (a) By Corollarv l6.9l and Lemma [3.51 (C^Cfl)*^)™ is Noetherian. Hence there 
is an i?-algebra isomorphism — H> U{Q)n '^jfj^^ Rx by Lemma [631 So k 

an almost commutative affinoid if-algebra, being a quotient of U{Q)n,K- 

(b), (c) Let {Ui, . . . , Um} be an open cover of B by open affines that trivialise 
the torsor ^; thus the special fibre Bk is covered by the special fibres Ui,k- For part 

(b) , it will be enough to prove that the sequence 

m _ 

i=l Kj 

is exact. Since C* is a complex in the category of complete doubly filtered K- 
algebras, it is enough to show that Gr(C*) is exact. 

By Corollarv l3.71 there is a commutative diagram with exact rows 

gr(l^(0)°) gr(C/(fl)«) Gr(c/(^^) 



^ gr((7(0)) gr((7(0)) Gr(C/(^K) ^ 0. 

Since gr(f7(g)) ~ S{g), Proposition 16.91 induces a commutative square 



Gr(f/(0)„,K) ^ Sisk) 

where the horizontal maps are isomorphisms and the vertical maps are inclusions. 
Since Gt{K\) is the trivial Gr(C/(g)^^)-module k, we obtain a natural surjection 

S{Bk) ®s(B.)-. k = Gr(C/(^K) ^oriuj^^) ^ Gt{U^) 
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which fits into the commutative diagram 



SiQk) 



0- 



i=l 



1=1 



■ eo(T*(c/,,fcn[/,-fe)) 



where the bottom row is Gr(C*) and the top row appeared in the proof of [TU 
Proposition 3.4.1] and is induced by the moment map T*Bk — > 0^,. It was shown in 
loc. cit. that under the assumption that p is very good for G, the top row is exact. 
The second and third vertical arrows are isomorphisms by Proposition 16. 5f a). An 
elementary diagram chase now shows that Gr(C") is exact, proving (b), and also 
that the first vertical arrow is an isomorphism, proving (c). □ 



6.11. The localisation functors. Recall the localisation functor from i|5.17l 

Loc : U{Q)n,K — mod — > Vn.K — mod. 
For each A e Hom/f(7r"(), R) we also have a functor 



Loc'^ : U^^ - mod 



T^n.K - mod. 



given by M ^ V^ j^ ®^ 



M which we will also call a localisation functor. Since 



P;^ ^ is a quotient of T>n,K by Proposition 16. Sf c), we can and will view Loc'*'(M) 
as a I?„jf-module. 

Lemma. For any finitely generated -module M, there is a natural surjection 
of'Dn,K -modules Loc(M) Loc'*'(M). 



Proof. By Theorem 16. lOf a) . there is an isomorphism 

^UT^,, Kk = ^n,K (im^.K K,^ ^ V^.K 

of sheaves of complete doubly filtered algebras. There is also the isomorphism 

of sheaves of complete doubly filtered if-algebras by Proposition 16.5( c) . These 
isomorphisms fit together into a commutative diagram 



.K ' 



UiB) 



K 



and the obvious surjective horizontal arrow in the second row induces the dotted 
surjective arrow in the first row. This proves the result in the case when M — ^; 
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in the general case, pick a presentation Fi — > Fq — > M — > of Af where Fi and Fq 
are finitely generated free j^^-modules, and apply the Five Lemma. □ 

6.12. The equivalence of categories. Recall that a weight A £ f)|f is said to 
be regular if its stabilizer under the action of W is trivial. Recall also that we're 
assuming that our ground field K has characteristic zero. 

Proposition. Let the weight A G Homij(7r"f), i?) he such that X + p is dominant. 
Then B is coherently j^-acyclic. If X + p is also regular then B is I?^ j^-affine. 

Proof. Let be a coherent T)^ ^-module. By CoroUarv 16.71 M is F-acyclic. Be- 
cause we may view as a coherent I?„,i<--module, M{X) is finitely generated over 
U{Q)n,K by Proposition 15.161 Thus M{X) is a coherent ^(X)-module and so 

B is coherently ^-acyclic. 

Suppose now that A + p is regular. By Theorem 16.31 and Proposition 16.5( c) we 
can find a surjection M where is a direct sum of sheaves of the form 

'^n xi^i) fo"" some integers Si. Since each 'D^{si) is a coherent 2?^-module, it is 
generated by its global sections by paragraph (iv) of the proof of [3 Theoreme 
Principal]. Hence each j^{si) is generated by its global sections by Theorem 
16.6( a) and we can therefore find a surjection J^q ^ A4 where J-q is a direct sum of 
copies of "D^ j^. Applying the same argument to the kernel of this surjection gives 
a presentation J^i — > Jx) — > — > 0. Since F is exact and Loc'*' is right exact there 
is a commutative diagram 

Fi ^ J"o ^ M ^ 



Loc^(F(J-i)) Loc^(F(J-o)) ^ Loc^(F(A/()) ^ 

with exact rows and with the first two vertical maps isomorphisms. Thus it follows 
from the Five Lemma that the canonical map Loc'^(F(A^)) — ?> is an isomorphism 

so M is generated by its global sections and B is I?^ ^-affine as required. □ 
We can finally prove Theorem [Cl 

Theorem. Let the weight X G Hom/('(7r"(), i?) he such that X + p is dominant and 
regular. Then the functors Loc^ and F are mutually inverse equivalences of ahelian 
categories hetween coh{U^ j^) and coh{T>^ j^) . 

If X + p is dominant hut not regular then Loc^ and F still induce mutually inverse 
exact equivalences of ahelian categories between coh(U^ j^) and coh(I?^ j^)/kerF. 

Proof. This follows from immediately from the Proposition and Proposition l5.ll □ 

Corollary. Suppose that X is p-dominant, let M be a finitely generatedU^ j^-module 
and let M = Loc^(M). Then 

l3{Ch{M)) = Ch(M). 
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Proof. WehaveCh(Loc^(Af)) C Ch(Loc(M)) by Lemma|6lII]and CorollaryEHb). 
Now M = r(Loc^(Af)) by the Theorem, so 

Ch(M) = Ch(r(Loc^(Af)) C ^ Ch(Loc^(M)) C /3Ch(Loc(M)) C Ch{M) 

by Propositions 15.161 and 15.181 □ 

7. Bernstein's Inequality 

In this section we continue to assume that i? is a complete discrete valuation 
ring with uniformizer tt, residue field k and field of fractions K of characteristic 
zero. 

7.1. AfRnoid Weyl algebras and symplectic forms. Suppose that V is a. free 
i?-module of finite rank equipped with an alternating bilinear form w and recall 
from Example 13.4( d) the definition of the enveloping algebra -Ri^[F] of (VjUj). As 
we remarked in i j3.51 this is a deformable i?-algebra. Thus given a alternating form 
w on a free i?-module of finite rank we may form the almost commutative affinoid 

if-algebra K^{V)„ R^JVI,,k- 

If S is an i?-algebra then we write Vs for the free S'-module S V. Similarly, 
given an i?-bilinear form </> : V x V ^ we write cj)s for the 5- bilinear form on Vs 
obtained by 5'-linearly extending </>. 

Definition. We say that an i?-bilinear form u on a free i?-module V of finite rank 
is symplectic if ujk and ujk are symplectic forms on Vk and Vk respectively; that is 
if luk and LUk are non-degenerate alternating forms. 

Definition. If w is a symplectic form on V we call Kuj {V)n an affinoid Weyl algebra. 

li A = R[xi, . . . , Xm, di, . . . , dm] is the mth Weyl algebra over R, then A is the 
enveloping algebra of the standard symplectic form on i?^™. Moreover, since every 
symplectic form on R is equivalent to the standard one, up to isomorphism every 
enveloping algebra of a symplectic form arises in this way. 

For the remainder of this section we fix a free i?-module V of rank 2m 
and a symplectic form uj on V. 

Whenever is a free summand of V, uj will restrict to an alternating form on 
W that by abuse of notation we will also call w. 

7.2. Grassmannians and _L. 

Definition. For each ^ t ^ 2m, we define Gt{V) to be the set of free summands of 
V as an i?-module of rank t. Similarly we define Gt{Vk) to be the set of fc-subspaces 
of Vk of dimension t. 

Proposition. The natural map Gt{V) — >■ GtiVk) given hyW^ Wk is a surjection. 

Proof. Since R is 7r-adically complete we may apply the idempotent lifting lemma 
to M„(i?) -S> M„(fc). □ 

Definition. If is a free summand of V we define 

^{veV \ io{v, w)=0 for aU w G W}. 

Similarly, if is a subspace of Vk we define W-^ < Vk by the same formula. 

Lemma. 
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(a) If We GtiV) then G g2m-tiV); 

(b) {W^)k = (Wk)^ for all W G GtiV). 

Proof. For (a) it suffices to prove that is a free summand of V, its rank tlien 
follows from the rank-nullity theorem since uj is non-degenerate. Since i? is a 
discrete valuation ring it is enough to show that V jW^ is 7r-torsion-free. But we 
know w(7rz;, w) = 7ra;(i', w) so for w e ttu G if and only if w S . 

For (b), {W^)k is easily seen to be contained in (Wfe)-*-. Since is non- 
degenerate, <Xm\{Wk)^ = 2to — i by the rank-nullity theorem, and dim(VF^)fc — 
2m — t by part (a). The result follows. □ 

Recall that each Qt{yk) is an irreducible algebraic variety, when equipped with 
the Zariski topology. 

Theorem. For each ^ t ^ 1m the map _L: GtiVk) — > G2m-t{Vk) that sends 
Wk — >■ is a homeomorphism. 

Proof. Since lju is non-degenerate it defines a perfect pairing Vk x Vfc — > fc and so 
identifies Vk and Vj*. Then the result is well-known, see [51] §2.8] for example. □ 

7.3. Simplicity of afflnoid Weyl algebras. We now consider how V acts by 
derivations on K^^{V)n- 

Lemma. For v e V, let e(w) := ) he its image in V* :— Homij(V,i?), let 

dy G VjT be the image of e{v) modulo ir and suppose that dy 0. Let dy be the 
R-derivation of Ri^[V]n given by 

t)r — TO 
a« : r I— )■ . 

Then 

(a) dy extends to a derivation dy of K^{V)n- 

(b) Gr((ii,) is the unique k-derivation o/SymV/c that extends dy. 

(c) The K -linear endomorphism ^ of Kuj{V)n preserves the R-lattice FoKi^{V)n 
for all m ^ 0, and Gr (^^^ "^^is as the mth divided power of dy on SymVfc. 

Proof. All parts follow from some straightforward calculations. □ 

The following result is a special case of [SH Proposition 1.4.6]. We provide a 
proof for the convenience of the reader. 

Theorem. The ring K^{V)n is simple. 

Proof. Since K^{V)n is a complete doubly filtered iiT-algebra, it suffices to prove 
that if / 7^ is an ideal then Gr(/) C SymVfe contains 1. 

Since ook is a non-degenerate form on V^, for each d G there is v & V such 

that the reduction of U!{v, — ) mod tt induces d. Moreover, by the Lemma, Gr 

is the mth divided power of d on Sym Vk ■ It is easy to verify that there are no 

non-trivial ideals in Sym Vk invariant under all of these differential operators. □ 
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7.4. Bernstein's inequality. 

Theorem. Suppose that V is a free R-module of rank 2m and uj is a symplec- 
tic form on V. If M is a non-zero finitely generated Ki^{V)n-'module then every 
irreducible component X of Ch(Af) satisfies 



It is straightforward to construct modules that attain this bound. 

Proof. We may find a sequence of submodules = Afo C Mi C • • • C Mr = M such 
that Mi/Mi-i is pure for all i ^ 1. By Proposition [STSl Ch(M) = IJ Ch(Afi/M,_i) 
so we may reduce to the case that M is pure. Moreover by Theorem 13.31 we know 
that in this case every irreducible component of Ch(M) has the same dimension. 
So it suffices to show that dim Ch( Af) > m. 

Suppose that dimCh(Af) < m. By base changing to the completion of the 
maximal unramified extension of K and applying Proposition [3121 we may assume 
that k is an infinite field. Choose a good double filtration on M. Now 

X := {W e Gm{Vk) I Gr(Af) is over finitely generated over SymVF} 

is a non-empty and Zariski open subset in GmiVk) by the Generic Noether Nor- 
malization Lemma |37[ Remark 3.4.4]. So is again open and non-empty by 
Theorem 17.21 Since Gm{Vk) is irreducible, we deduce that X n X^ is non-empty. 

Using Proposition [721 choose W G ^m(F) such that Wk G X D X^. Then 
{W-^)k G X hy Lemma l7.2f b). so M is finitely generated over both K^{W)n 
and K^{W^)n by Lemma [3.2r a). Choose a finite generating set X for Af as a 
Ki^{W-^)n-Tniodu\e. Now elements oi K^{W^)n act as Ki^{W) n-endomorphisms of 
M, so 



But dimCh(Af) < m ~ dimGi Ki^{W)n, so Af must be torsion as a K^{W)n- 
module and each term in the intersection is non-zero. Since also Ki^{W)n is a 
Noetherian domain, it follows from [59l Theorem 2.1.15] that Ann^^^^^^^^ (Af) ^ 0. 
But Ann^^^^)^ (Af) C Ann^^^y')^(Af) and so the latter is a non-zero ideal of 
Kuj{V)n- By Theorem Ann^^^y)^ (Af ) = Kuj{V)n and Af = as required. □ 

Corollary. If A ^ R[xi, . . . ,Xm,di, . . . ,dm] ~ 2?(A'") is the mth Weyl algebra 
equipped with the order filtration and M is a non-zero finitely generated A^ x- 
module, then every irreducible component X o/ Ch(Af ) satisfies dimX ^ m. 

Proof. As in the proof of the Theorem above we may reduce to the case that Af 
is pure and so assume that every irreducible component of Ch(Af ) has the same 
dimension. So again it suffices to show that dim Ch(Af ) ^ m. 

If n is even, there is an isomorphism of f?-algebras a : Ruj[V]n/2 ~^ -^m which 
induces an isomorphism a : Ki^{V)n/2 ^ An^K of complete filtered rings. Al- 
though a. is not an isomorphism of complete doubly filtered algebras, Grl^An^K) 
and GT:{Kt^{V) n/2) are both polynomial algebras over k in 2m variables (with dif- 
ferent gradations). Letting N be the restriction of Af to a f4r^(V^)„/2-inodule via 
a, we see that 



dimX ^ m. 




dimCh(Af) = 2m - j(Af) 2m - j{N) ^ dimCh(iV) > m 
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by Theorem 13.31 and the Theorem above. 

If n is odd, first we base-change to K' = K{y/n) and let A' = R' (g)^ A where 
R' ^ R[^/^. Then K'(S)kA^ = ^Z^' by LemmaEHJc). By Proposition[32]this 
has not changed dimCh(Af) and we have returned to the case when n is even. □ 

7.5. A global version of Bernstein's inequality. Recall the notation of ^ 16.41 

Theorem. If Ai is a non-zero coherent T)^ -module, then every irreducible com- 
ponent X o/Ch(A^) satisfies dimX ^ dimS. 

Proof. Let m = dimS. By the proof of Lemma 14.7^ ^. the Weyl translates Uw 
of the big cell in B each trivialise the torsor B ^ B and are isomorphic to 
A"\ Hence Theorem 15.131 and Lemma [5.141 tell us that for each w in the Weyl 

group W, M{Um) is a finitely generated P^^if (J7u,)-module and Ch(A^) nT*!/^, = 
Ch{M{Uw)). Because the Uw cover B, it thus suffices to prove that every irreducible 
component of Gh{A4{Uw)) has dimension at least m for every w G W such that 

By Proposition 16. 5r a). xi^w) is isomorphic to 'D{A"^)n,K as an almost com- 
mutative affinoid /C- algebra. The result now follows from Corollarv 17.41 □ 

8. Quillen's Lemma 

Recall that Quillen proved in [651 that the endomorphism ring of a simple module 
over an almost commutative fc- algebra is algebraic over k. We will generalise this to 
show that the endomorphism ring of a simple module over an almost commutative 
affinoid iiT-algebra A is algebraic over K provided that grp A is commutative and 

Gorenstein. In particular this will apply to our rings U{Q)n,K for n > 0. 

In this section, K will be a complete discrete valuation field of arbitrary char- 
acteristic and A will denote a complete filtered iC-algebra such that FqA is an 
i?-lattice in A and the slice grg A is a finitely generated commutative /c-algebra. 
We have in mind almost commutative affinoid iiT-algebras with commutative slice 
but our proofs do not need to use the filtration on the slice except to guarantee 
that the slice is finitely generated as a fc-algebra. 

8.1. Regular cp-lattices and Quillen's Lemma. Let M be a finitely generated 
A- module and ip € Endyi(Af). We say that (p is simple if every non-zero element 
of the X-algebra generated by ip acts invertibly on M. Clearly every non-zero 
if € End^(M) is simple whenever M is a simple A- module by Schur's Lemma, but 
there are other interesting examples. We will prove that every simple endomorphism 
is algebraic over K. 

Suppose now that <p is a simple endomorphism of a finitely generated A-module 
M. We let K{ip) be the subfield of EndA(M) generated by K and ip and note that 
we can view M as an A — _R'(iy9)-bimodule. 

Definition. We say that an i?-lattice in M is an FoA-lattice if it is a finitely 
generated FoA-submodule of M. We say that an FoA-lattice N in M is a regular 
ip -lattice if the subring 

B -.^{e e K{lp) I e{N) C N} 
of K{lp) is a discrete valuation ring and an i?-lattice in K{p). 
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We begin along similar lines to Quillen's original proof. However we can only do 
this if M has a regular (ys-lattice. 

Lemma. Suppose that M has a regular ip-lattice N. Then the residue field of 
B = {6 Cz Kif) I d{N) C N} is an algebraic extension ofk. 

Proof. Let r be a uniformiser of B and note that the residue field k' :— B/tB of B 
acts faithfully on N/tN by the definition of B. In particular, N/tN is non-zero. 
Since B is an i?-lattice in K{(p), tt is not a unit in B. Hence tt € tB and N/tN is 
a finitely generated grp A — FpA/Tri^o^-niodule. 

Let s € k' and consider the fc-subalgebra k[s] of the field k' generated by s. 
Because grp A is commutative by assumption and N/tN is a finitely generated 
(grQ A)[s]-module, by the Generic Flatness Lemma [HI Lemme IV. 6. 9. 2], we can 
find a non-zero element / S k[s] such that {N/TN)f is a free fc[s]/-module. Now 
every non-zero element of k' acts invertibly on N/tN because k' is a field; hence 
every non-zero element of k[s]f acts invertibly on the non-zero free fc[s] ^-module 
{N/TN)f. This forces k[s]f to be a field. Because k[s]f is a finitely generated 
fc-algebra, it must be algebraic over k by the Nullstellensatz. □ 

Proposition. Suppose that M has a regular ip-lattice N . Then the residue field of 
B := {9 (z K{ip) I 0{N) C N} is a finite algebraic extension ofk. 

Proof. Once again let r be a uniformiser of B. We have already seen that the 
residue field k' of B must be algebraic over k and that k' acts by automorphisms 
on N/tN and so may be identified with a subfield of Endgr^ yi(-^/TiV). 

Let P € Spec(grQ A) be a minimal prime over Anugr^ ^(iV/r7V). Then if k{P) 
is the residue field of (grQyl)p and X := k{P) (KigroA N/tN, there is a fc-algebra 
homomorphism l^ndgrg a{N/tN) — > Endfe(p)(X). Thus we may identify k' with a 
subfield of Endfc(p)(X); a matrix ring over k{P) since X is a finite dimensional 
fc(P)-vector space. 

Since grp A is a finitely generated fc- algebra, k{P) is a finitely generated field 
extension of k. Now k'k(P) is commutative finite dimensional fc(P)-algebra, since 
it is a subspace of Endfe(p)(X) and since k{P) lies in the centre of Endk(p){X). 
Thus if Q is a prime ideal in k'k{P) then L = k'k{P)/Q is an integral domain 
and a finite dimensional fc(P)-vector space. Thus L is a finitely generated field 
extension of k. It follows from |52[ Proposition HI. 6] that every subextension, and 
in particular the image of k' in L, is a finitely generated field extension of k. But 
k' is isomorphic to its image in L and the result follows. □ 

Corollary. Let A be a complete filtered K -algebra such that FqA is an R-lattice in 
A and the slice grg A is a finitely generated commutative k-algebra. Suppose that M 
is a finitely generated A-module and Lp G Endyi(Af) is simple. If M has a regular 
ip-lattice, then ip is algebraic over K . 

Proof. Suppose that iV is a regular (/^-lattice in M . Then the residue field k' of 
B := {9 Kif) I 0(N) C N} is a finite extension of k by the Proposition. Since 
-B is a discrete valuation ring with maximal ideal tB, the r-adic filtration on B is 
separated and therefore B is finitely generated i?-module by [551 Theorem 1.5.7]. 
Because B is an i?-lattice in if (</?), we deduce that K{tf) is a finite dimensional 
if-vector space. □ 
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We thank Qing Liu ^58j for giving an example which shows that it is possible to 
find a discrete valuation on the function field K{t) whose residue field is algebraic 
(and necessarily infinite dimensional) over k. 

8.2. Microlocalisation. We will next show that if A, M and tp satisfy our con- 
ditions and M satisfies one extra hypothesis, then it has a regular (/^-lattice. We 
begin this process by working microlocally. 

We fix a complete filtered ii'-algebra A with commutative slice, a finitely gener- 
ated A-module M and a simple tp e EndA(Af). We fix an FoA-lattice FqM in M 
and let Pi, . . . , be the distinct minimal primes in grg A above Anugi^j ^(gro M). 
Let 

r 

T:=groA\|JP,. 

i=l 

Since gi A = (grg yl)[s, s~^] by Lemma [3.11 T is a multiplicatively closed subset 
in gr A consisting of homogeneous elements of degree zero, so we can consider the 
microlocalisation of A at T: 

Q ■■= Qt{A) 

as in gill 

Lemma. The slice gi^ Qt{M) of Qt{M) is an Artinian giQ Q -module, and Qt{M) 
is an Artinian Q-module. 

Proof. Some product of the P^s annihilates grg M, so we can find a finite chain of 
(grg ^)T-submodules of (grg M)t with each subquotient isomorphic to (grg A/Pi)T 
for some i. By our choice of T, (grg A/Pi)T is the residue field of the local ring of 
grg ^ at Pi, so (grg M)t has finite length. 

It follows that gTnQxiM) = (grg M)t[s, s^^] has the descending chain condition 
on graded grQ-modules. Since Qt{M) is complete with respect to its filtration, it 
follows from (55i Proposition L7.1.2] that it is an Artinian Q-module. □ 

Now by functoriality of microlocalisation, every A-module endomorphism of M 
extends to a Q-module endomorphism of Qt{M). We can therefore view Qt{M) 
as a Q — if ((/j)-bimodule. We fix a choice of a simple Q — _fi'(iy9)-bimodule quotient 

V of Qt{M), and note the Lemma implies that V is an Artinian Q-module. 

8.3. Finding a maximal lattice preserver. We retain the notation of the pre- 
vious section. 

Definition. Let L be an P-lattice in V. We say that L is an FoQ-lattice if it is 
a finitely generated PoQ-submodule of V. We say that a subring B of K{ip) is a 
lattice preserver if BL C L for some FoQ-lattice L in V. 

Lemma. V has at least one FoQ-lattice. For any FoQ-lattice L in V, L/ttL has 
finite length and L has Krull dimension 1 as a FoQ-module. 

Proof. Let Lo be the image of FoQt{M) in V . Since PqQ is Noetherian and tt- 
adically complete, the proof of Proposition I3.2f a) shows that Lo is an P-lattice in 

V and is therefore a PoQ-lattice. Since Lo/nLo is a quotient of grg Qt(M), it has 
finite length by Lemma [8?2l If L is another PgQ-lattice in V then by the arguments 
in the proof of [36l Proposition 1.1.2], L/ttL also has finite length; indeed the class of 
L/ttL in the Grothendieck semigroup of grg Q- modules equals the class of Lo/ttLo. 
The last statement now follows from [55l Proposition 1.7.1.2]. □ 
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We fix an i^oQ-lattice Lq in V and let C be the set of i^oQ-lattices in V contained 
in Lq but not contained in ttLq. Let V denote the set of lattice preservers in K{ip). 
Notice that every lattice preserver preserves a lattice in C since for every finitely 
generated FoQ-submodule L oi V there is an integer a such that Tr"'L G C 

Proposition. The set V has a maximal element. 

Proof. By the Lemma, V is non-empty because it contains the subring of K(tp) 
consisting of elements that preserve Lq. By Zorn's Lemma, it will be enough to 
prove that V is chain complete. 

Let {Ba}a£A be a chain in V. For each a € ^ let be the largest FoQ-lattice 
in C such that B^La ^ L^. exists because Lq is a Noetherian FoQ-module. 

Now if Ba C Bfj then BaLp Lp so Lp C La by the maximality of L^. Hence 
the La form a descending chain in C. We claim that Loo ■= fl is also in C. Since 
Lq has KruU dimension 1 as a _FbQ-niodule by the Lemma, the chain {La}aeA has 
deviation at most 1 and so any well-ordered subchain has order- type < w^. By 
passing to a final segment of the chain {La}aeA we may assume that its order-type 
is either uj or a singleton. In the latter case Loo — La for some a so Loo G ^, and 
in the former case the claim follows from Lemma 12.71 

Finally the subring Boo of K{ip) consisting of elements that preserve Loo is an 
upper bound for {Ba}aeA uiV: if a Cz A then SqLoo C BpLp C Lp for all /? ^ a, 
so BaLoo Q r\f}^a ^ P = ^oo and Ba C i?oo- □ 

8.4. Theorem. Every maximal lattice preserver is a discrete valuation ring. 

Proof. Let i? be a maximal element of V, and choose L £ C such that BL C L. 
Note that the maximality of B forces it to be equal to {9 G K{(p) : OL C L}. 

First we show that B is local. We pick f E B and show that one of / and 1 — / 
must be a unit in B. Since L is 7r-adically complete and since each L/tt^L has finite 
length as a LbQ-module by Lemma [8.31 it follows from Fitting's Lemma (see the 
proof of [Sni Theorem 1.10.4]) that L decomposes as U (BW where 

U ^{ueL \ lim f{u) = 0} 

i— >-oo 

and 

W^f] PL. 

Because B is commutative, both U and W are S-modules as well as LgQ-modules. 
Thus Uk © Wk is a decomposition of y = Lk into a direct sum of Q-K[ip)- 
bimodules. But is a simple bimodule by construction (see i i8.2|) . so either U — Q 
ovW = Q. liU — Q, then / is injective and = L so / is surjective; thus f~^ S B. 
Otherwise W — Q and [/ = L, so lim„_j.oo /" = and 1 — / is a unit in B. Hence 
S is a local ring with maximal ideal m, say. 

Next, we will show that m is invertible as a fractional ideal. To that end define 
m^^ = {x G K{(p) I a;m C B}. We will show that m~"'^tn is B; certainly it is 
contained in B and contains m since 1 G m~^. Since m is a maximal ideal in B it 
thus suffices to show that m~-^Tn ^ m. Now mL is a LoQ-submodule of L and so is 
finitely generated as such since FqQ is Noetherian. Thus we may find /i, . . . , /u G tn 
such that mL = X]r=i fi^- ^ ^e the ideal in B generated by fi, . . ■ , fu- The 
argument above shows that each fi acts topologically nilpotently on L, so we can 
find an integer to ^ 1 such that J™L ^ ttL. Choose m to be the least such; then 
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we can find x £ J™ ^ such that xL (t -kL. Thus - is not in B but -mL ^ L and 
therefore ^ £ m^^. If m^^m = m then f mL ^ mL, and the subring B' of K{lp) 
generated by B and ^ preserves mi. But then B' E V and B' strictly contains B 
which contradicts the maximahty of B. 

Now every invertible fractional ideal in an integral domain is a finitely generated 
projective module of rank one by the Dual Basis Lemma f59( Lemma 3.5.2]. Since 
B is local it follows that m is a principal ideal generated by t, say. Moreover we've 
seen that t acts topologically nilpotently so the m-adic filtration of B is separated. 
It follows that for every non-zero element x oi B there is a non-negative integer n 
such that X € (r")\(r""'"^). Thus x = yr" for some unit y G B. Therefore i? is a 
discrete valuation ring. □ 

8.5. Dimension theory. We retain the notation of the previous subsections and 
we also impose the additional condition that grp A is Gorenstein. We will need this 
so that we can apply Gabber's maximality principle. We recall the statement of 
this now. 

Theorem (Gabber's Maximality Principle). Let C be an Auslander- Gorenstein 
ring and let X be a finitely generated pure C -module contained in a C -module Y 
(not necessarily finitely generated) such that every finitely generated submodule ofY 
is pure. Then Y contains a unigue largest finitely generated submodule Z containing 
X such that 

jc{Z/X)^jc{X) + 2 

Proof See [15l Theorem 1.14]. □ 

We will also need the following preparatory results. 

Lemma. Suppose that grpA is Gorenstein and N is a finitely generated FoA- 
module. Then 

(a) FqA is Auslander-Gorenstein. 

(b) If N is TT -torsion- free then jpoAiN) — jAiNx)- 

(c) If L is an FoA-lattice in M and N is a submodule of M / L such that Qt{N) — 
then jfoa{N)^ jfoa{L) + 2. 

Proof. Part (a) follows from Proposition 12. 5f b) since gri^g^ — (g^'o^)!*]- 

(b) First notice that Ext^(7V/f , A) ^ Ext*^^^(7V, FaA)K for each i ^ 0. Thus j := 
jFoA{N) ^ jAiNx) and to prove the equality we must show that Ext];. ^(7V, FqA) 
is not TT-torsion. Since dpoA is finitely partitive by Proposition I2.5f a). we have 
that jF„A{N/nN) > j. By considering the long exact sequence for ExtFoA(— , ^o^) 
associated to the short exact sequence — )■ TV — TV — )■ N/ ttN — we deduce that 
tt: Extj;, ^(iV, FqA) -> Extj^, ^(iV, F^A) is an injection. 

(c) Since N C M/L is finitely generated, it is contained in 7r^'"L for some to ^ 1. 
By considering the filtration on N induced by L < 7r~^L < • • • < tt~"^L we may 
reduce to the case when to = 1, so that ttN — 0. Now is a grg A-submodule of 
■K~^L/L = L/ttL, so Supp(iV) is contained in Supp(i/7rL). Since L and FqM are 
both Fo^-lattices in M, Supp(L/7rL) = Supp(FoM/7rFoM) by [53 Chapter III, 
Lemma 4.1.9], so L/ttL is annihilated as a grg ^4- module by some product of the 
minimal primes Pi, . . . ,Pr above Anugr^ A(gro M). On the other hand, Qt{N) = 
and ttN = together imply that is a T-torsion giQ A- module by Corollary 12.41 
so tN ^0 for some t eT. 
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Since grp A is Gorenstcin and t ^ Pi for all i, 

Jgio ^(§'"0 ^/ (P^^ t)) > j&o A(gro A/ Pi) for all i 
by Proposition l2.5r aV Choose a finite filtration of ii^^L/L by grp A-submodules 
where each subquotient is killed by some Pi. The restriction of this filtration to 
N C TT-^L/L then shows that jf,r„A{N) > mini jg^o Aig^o A/ Pi) ^ jgi„ AiL/nL). 
We can now apply the Rees Lemma |1, Lemma 1.1] twice to obtain 

JFoa{N) = jg,„ a{N) + 1 ^ jg,„A{L/TTL) + 2 = jfoa{L/ttL) + 1. 

Because F^A is Auslander- Gorenstcin by (a) and dpgA is finitely partitive by Propo- 
sition [23Ua), 

jPoAiL/nL) ^ jFoA{L) + 1 
and the result follows. □ 

8.6. Finding a global regular (^-lattice. 

Proposition. Suppose that M is a simple A — K(ip)-bimodule. Then M has a 
regular ip-lattice. 

Proof. Since Qt{M) surjects onto V, the natural map (f) : M ^ V is non-zero and 
therefore ker is a proper A-submodule of AI. Since ^ is a ii'(iy9)-module quotient 
of Qt{M), keri/) is in fact an A— iir(95)-subbimodule. Therefore by our assumption 
(j) is an injection and we will use it to identify M with an A-submodule of V. By 
ProDOsition l8.3l we can find a maximal element B of P. Let L S £ be an FoQ-lattice 
preserved by B; we will show that L D AI is the required regular (y9-lattice. 

Let S = {s € A : gi s ^ T} he the microlocal Ore set arising from T C grp A. 
Alternatively put, S is just the preimage of T in FqA; since 1 € T we see that 
1 -I- ttFqA C S and therefore tt is in the Jacobson radical of FqAs- 

Since Ms is dense in QriM), {LnAIs)+nL = L and so i = FoQ.{LnAIs). Since 
also LDAIs = FoAs.{Lr\AI), L is generated by inM as an i^oQ-module. Because 
L is Noetherian as an i^oQ-module, we can find a finitely generated i^o^-submodule 
X oi L O M such that FqQ.X = L. Since LO AI generates M as a i^T- vector space, 
by enlarging X if necessary we may assume that X is also an i?- lattice in M. 

Let N be the largest A-submodule of AI with d^(iV) < dA^M). Then is a 
proper characteristic submodule of AI and is therefore stable under every element of 
K{i.p) C Endyi(Af). Since M is a simple A — Ar(93)-bimodule, A^ = so M is pure. 
Now FqA is Auslander-Gorenstein by Lemma IS.Sf a). so every finitely generated 
FoA-submodule of M is pure by Lemma ISTSl b'). Thus M contains a unique largest 
finitely generated submodule Z containing X such that jpoAiZ / X) ^ jp^AiX) + 2 
by Gabber's Maximality Principle, Theorem 18.51 We will show that L O M is 
contained in Z and so is finitely generated over FqA since FqA is Noetherian. 

Suppose that X' is any finitely generated FpA-submodule of L n M containing 
X. Then Qt{X') = QriX) = L; thus Qt{X'/X) = and so 

jf„a{X'/X) ^ jf,a{X) + 2 

by Lemma fe.Sf c). Therefore X' ^ Z. This means that every finitely generated 
submodule of i n M is contained in Z and so i n M is itself a submodule of Z as 
claimed. 

Finally, since L ^ FoQ.iLnM), 

{e e K{ip) I 9{L n Af) c L n Ai} = {6i e K{ip) \ e{L) c l} 
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is a discrete valuation ring by Theorem 18.41 □ 
We can finally state and prove our version of Quillen's Lemma. 

Corollary. Let A be an almost commutative ajfinoid K-algehra with commutative 
Gorenstein slice. Then every simple endomorphism of every finitely generated A- 
module is algebraic over K . 

Proof. As we explained in i j8.ll we can view M as an A — ii'((y9)-bimodule. Since Af 
is a Noetherian A-module, we can find a simple A — i4r((/?)-bimodule quotient M of 
M\ note that the A-linear endomorphism Tp of M induced by <p is still simple. Then 
by Proposition 18. 6[ M has a regular ^-lattice so by Corollary 18.11 Tp is algebraic 
over K. But the natural map K{ip) — >■ K{Tp) is an isomorphism since K{ip) is a 
field, so <p is also algebraic over K . □ 

Remarks. 

(a) The same proof shows that if A is any complete filtered if-algebra such that Fi^A 
is an i?-lattice in A and grp A is a finitely generated Gorenstein commutative 
fc-algebra then the conclusion of the corollary holds. 

(b) It may be possible to relax the assumption that grp A is Gorenstein by using the 
version of Gabber's maximality principle found in |81) based around Auslander 
dualising complexes. However we do not know whether all almost commutative 
affinoid A'-algebras have an Auslander dualising complex. 



9. Modules over completed enveloping algebras 

9.1. Finite dimensional modules. We begin our study of finitely generated mod- 
ules over completed enveloping algebras with the following rather general result. 

Proposition. Let A be a complete doubly filtered K-algebra such that Gt(A) is 
a connected graded polynomial algebra over k, and let M be a finitely generated 
A-module. 

(a) M is finite dimensional over K if and only z/dimCh(i\f) = 0. 

(b) If A has at least one non-zero finite dimensional module V, then inj.dimA = 
dimGr(A) and d{M) = dimCh(A/). 

Proof, (a) Choose a good double filtration {FqM^ F, giQ M) on M using Proposition 
I3.2r b). Then dim Ch(A/) = if and only if Gr(M) is finite dimensional over k. Now 
if Gr(A/) is finite dimensional over k then the double filtration is good for Af as a 
doubly filtered A'-modulc and therefore A/ is finite dimensional over K by Lemma 
I3.2r a). Conversely, if M is finite dimensional over K then FoAf has to be finitely 
generated over R by Proposition 12.71 because it is an i?-lattice in Af , so grp M and 
Gr(Af) are finite dimensional over k. 

(b) By part (a), dimCh(y) = so dimGr(A) = jA{V) by Theorem[331 Clearly 
iA{y) ^ inj.dimA ^ gld A. Now tt is a central regular element of FqA contained in 
the Jacobson radical of FqA and A = {FqA)t^. Therefore 

gld^ ^ gldi^o^ - 1 = gldgro A < gldGr(A) = dimGr(A) 



by [Sg §7.4.4, 7.3.7, 7.5.3(in)] and [551 Corollary L7.2.2]. The first statement 
follows, and we obtain the second from Theorem 13. 31 □ 
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Now let Q be an i?-Lie algebra which is free of finite rank as an i?-niodule, and 
let A denote the almost commutative affinoid iC-algebra U{Q)n,K- Then Gr{A) = 
S{Qk) is commutative and Gorenstein with dimGr(yl) — dimg^, and we always 
have the trivial A-module K = A/Aqx which is one-dimensional over K. Thus we 
obtain the following 

Corollary. Let M be a finitely generated A — U {Q)n,K -module. Then d{M) = 
dimCh(M) and d{M) ~ if and only if M is finite dimensional over K. 

Note the Proposition fails for the affinoid Weyl algebras of ^17. II because these 
never have any non-zero modules which are finite dimensional over K by Bernstein's 
Inequality, Theorem 17.41 

9.2. Finite dimensional modules. We now continue with the notation of ii4.7l 
with the additional assumptions that the algebraic group G is semisimple and that 
the field K has characteristic zero. Since the usual enveloping algebra U{qk) is a 

if-subalgebra oi A = U{Q)n,K, we can view every A-module as a C/(gK)-module by 
restriction. 

Proposition. Restriction induces an equivalence of abelian categories between fi- 
nite dimensional A-modules and finite dimensional U{qk) -modules. 

Proof. Let V he a. finite dimensional C/(gK)-module. By Weyl's Theorem [27] The- 
orem 1.6.3], 1^ is a direct sum of simple [/(gx)-submodules, and each simple sub- 
module has a highest weight by |22l Proposition 7.2.1(i)]. Now the proof of ^4il 
Theorem 27.1(b)] shows that we can find an i?-lattice L in V which is stable under 
U{q). Hence it is also stable under C/(g)„. Since L is finitely generated over R, it 

is TT-adically complete and is therefore an FqA = J7(g)„-module. Hence V is also 
an A-module, so the restriction functor is essentially surjective on objects. This 
functor is clearly faithful, so it remains to show that it is full. 

Let V, W be two finite dimensional A-modules and \ei f : V ^ W he a. U {qk)- 
module homomorphism. Choose g-stable i?-lattices LCIV and M C W . Since L is 
finitely generated over i?, n"^ f{L) C M for some integer m so / is continuous. Since 
U{qk) is dense in A it follows that / is actually an A- module homomorphism. □ 

Recall the set of integral dominant weights A+ = Nwi ® • • • ® Ncj; C f)* from 
^6.7[ and the isomorphism i : i f) from ^ 14.101 

Corollary. Every finite dimensional A-module is semisimple. For each A G A+ 
there is a unique up to isomorphism simple finite dimensional A-module L{\) with 
highest weight A o and all finite dimensional simple A-modules are of this form. 

Proof This follows from [27l §1.6.3, 7.1.11, 7.2.2]. □ 

We could have also constructed a g-stable i?-lattice in each L{X) by considering 
the co-ordinate ring 0{B) of the basic affine space B = G/N (see §4.7p . This is a 
A+-graded g-stable subring of the usual representation ring 0{Bk) — ©AeA+ 
so its homogeneous components give the required g-stable lattices. 
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9.3. The centre. Recall the Harish-Chandra homomorphism </> : U{q)'^ — > U{i) 
from ^ 34.101 This is a morphism of deformable i?-algebras, and applying the de- 
formation and TT-adic completion functors we obtain the deformed Harish-Chandra 
homomorphism 

which we will denote by : Z — ^ Z in an attempt to alleviate the notation. Now 
the Weyl group W of G acts on by 

w • X — w{X + p') — p' , 

where p' :~ i*{p) = p o i ^ i* denotes the image of p G f)* under the dual isomor- 
phism i* : \)* t* . In fact, p' is equal to half the sum of the T-roots on n+. If we 
view U(1)k as an algebra of polynomial functions on t|f , we get a corresponding 
'dot'-action of W on U{t)K- This action preserves the i?-subalgebra J7(t)„ of U{i)K 
and therefore extends to a natural 'dot'-action of W on Z = U(t)n,K- 

Proposition. Suppose that p is a very good prime for G. 

(a) The algebra Z is contained in the centre of A. 

(b) The map (f> is infective, and its image is the ring of invariants Z^* . 

(c) The algebra Z is free of rank |W| as a module over Z^' . 

(d) Z^' is isomorphic to a Tate algebra K{Si, . . . , Si) as a complete doubly filtered 
K-algebra. 

Proof, (a) The algebra C/(g)^ is central in U{q)k by Lemma 23.2], so it is also 
contained in the centre of A since U{q)k is dense in A. But U{q)^ is dense in Z , 
so Z is also central in A. 

(b) By the classical result of Harish-Chandra [27l Theorem 7.4.5], sends U{q)^ 
onto [/(t)^*, so (t){Z) is contained in Z^* . This algebra is complete and doubly 
filtered, and Gi{Z^*) can be naturally identified with S{ik)^^ ■ 

Consider the morphism of complete doubly filtered if-algebras a : Z — > Z^ 
induced by cf). Its associated double graded map Gr(a) : Gr(Z) — > Gr(Z^) can 

naturally be identified with the isomorphism tpk '■ S{gk)'^'' ^> S{tk)^'' by Corol- 
lary 13.71 and Proposition 16.91 Hence Gr(Q;) is an isomorphism and therefore by 
completeness a is also an isomorphism. 

(c) By Theoreme 2(c)], S{tk) is a free graded S'(ife)^'' -module of rank |W|. 
It follows from Lemma [3. 2f a) that Z is finitely generated over Z, and it is easy to 
see that in fact it's free of rank |W|. 

(d) By [26, CoroUaire du Theoreme 3], S'(tfe)^'= is a polynomial algebra in I 
homogeneous generators over k. Fix some (double) lifts si,...,s/ G U{t)^' of 
these generators, and define an i?-algebra homomorphism R[Si, . . . , Si] Z^' 
by sending Si to Si. This extends to an isomorphism K{Si, . . . , Si) Z^' of 
complete doubly filtered if-algebras. □ 

It was shown in [3, Theorem 5.2.1] that in fact Z is the whole centre of A when 
n = 0. We plan to show in a later paper that this is true for any n ^ 0. 

From now on we will assume that n > and that p is a very good 
prime for G. 
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9.4. Z-locally finite modules. Let M be an A-module. Since Z is central in A, 
the action of Z on M induces an if-algebra homoniorphism 

XM -.Z^EndAiM). 

which we call the central character of M. 

Definition. We say that M is Z -locally finite if dim/f Z.m < oo for all m S M. 

It is easy to see that if M is finitely generated over A then M is Z-locally finite 
if and only if dim/flmxM < c». It is also clear that Z- locally finite modules are 
closed under taking submodules, quotient modules and extensions. 

We are now ready to prove Theorem |D] from the introduction. 

Theorem. Let M he a simple A-module. ThenlmxM is a finite field extension of 
K , so M is Z-locally finite. 

Proof. By Schur's Lemma, Endyi(M) is division ring. It is algebraic over K by 
Corollary 18.61 since n > by assumption. So ImxM is an integral domain which 
is algebraic over K; it is therefore a field and kerxM is a maximal ideal of Z. But 
Z ^ K{Si, . . . , Si) is a Tate algebra by Proposition 19 .31 and every maximal ideal of 
Z has finite codimension over K by [31] Theorem 3.2.1(5)]. □ 

Let AI be a finitely generated A-module. By applying the Theorem to a simple 
factor module of M, we see that M has a non-zero Z-locally finite quotient. In 
fact, a stronger statement is true. 

Proposition. Let M be a finitely generated A-module with d{M) ^ 1. Then M 
has a Z-locally finite quotient N such that d{N) ^ 1. 

Proof. Since d{M) — dim Ch{M) 5^ 1 by Corollarv l9.H grp M is infinite-dimensional 
over k. We can therefore find an element f ^ Qk such that (grpAf)/ ^ 0. Hence 
Qf{M) is a finitely generated non-zero module over the microlocalisation Qf[A), 
and we may choose some simple quotient W of Qf{M) as a Q f{A)-modu\e. 

The degree zero part FoQf{A) is an i?-lattice in Qf{A) and the slice grQQf{A) 
is isomorphic to the localisation (grg A)/ = S{Qk)[t]/ {tf — 1). So gi-QQf{A) is a 
finitely generated Gorenstein commutative fc-algebra, which means that it is possi- 
ble to apply Corollary 18.61 to the algebra Q / (A) . The central subalgebra Z of A is 
still central in Qf{A) and therefore acts on W by Q f {A)-modu\e endomorphisms. 
Therefore W is Z-locally finite by the proof of the Theorem above. 

Now let N be the image of M in W, and suppose for a contradiction that 
d{N) = 0. Then N is finite dimensional over K by Proposition 19. 11 so we can find 
a g-stable lattice L inside N by ^9.2\ Since n > 0, 7r"gi ^ ttL, so giQ A = S{gk) 
acts on gigN — L/ttL through its augmentation. Since / S Qk, it follows that 
Qf{N) = 0. This is a contradiction, because Qf{N) surjects onto the simple 
Q/ (j4)-module W. Thus N is the required Z-locally finite quotient of M which 
satisfies d{N) > 1. □ 

9.5. Base change. We want to apply Theorem 16.121 and Corollary 16.111 to our 

finitely generated Z-locally finite A-module M. However ImxM could be strictly 

bigger than K; also we need to produce a j^-module for some appropriate weight 
A € f)|f . We will solve both problems by passing to a finite field extension of K. 

For any finite field extension K' of K with ring of integers R' , let tt' € i?' be a 
uniformizer and let e be the ramification index of K' over K, so that ttR' — tt'^R' . 
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Let G' ^ R' xrG, H' := R' xr H, q' = R' (S)r Q, t' = i?' ®_r t and [)' = R' (»rI^ 
be the corresponding base-changed objects. Since t has finite rank over R, we will 
identify i'* := Honifl/ (t', i?') with R' (^rI*. The isomorphism i : t ^> \) extends to 
an isomorphism i : t' ft'. 

Lemma. Let K' / K be a finite field extension. Then 
(a) K'®kZ^=U{^^^,. 
(h) K'®kZ = U{V)^,k'- 

Proof. We know that ?7(0')*^' = R' ®R U{q)^ by [491 §1.2.10(3)]. Now both parts 
follow from Lemma [HUlc). □ 



Let A' := K' (E)k A and note that A' = U{Q')en.K' by Lemma l5^ cV Recall the 
central quotients U^^ ^, of U{Q')en,K' from ^ ^6. 101 for each weight A G ■k'^"-'^\)'* . 

Theorem. Let M be a finitely generated Z-locally finite A-module. Then there 
exists a finite extension K' of K with ramification index e, a weight A G 7r'^'"^()'* 

and a finitely generated U^^^ j^, -module N such that d{M) = d(N). 

Proof. Choose a submodule Mq of M maximal subject to having d{M/Mo) = d{M). 
Replacing M by M/Mq we may assume that M is d-critical in the sense that 
d{M/M') < d{M) for any non-zero proper ^-submodule M' of M . In particular, 
M must be d-pure: d{M') = d(M) for any non-zero submodule M' of M. 

Let P := kerxM = Ann2(M) and suppose that xy € P for some x,y € Z. 
If x ^ P then xM is a non-zero submodule of M, so d{xM) — d{M). Because 
xyM = 0, multiplication by x induces an yl-module surjection M/yM xM, 
whence d{M/yM) ^ d{M). This is only possible if yM = since M is d-critical. 
Hence P is a prime ideal in Z; since M is Z-locally finite, P is in fact maximal. 

Next, Z is a finitely generated Z- module via (j> by Proposition 19.31 so Z is an 
integral extension of Z. Thus by [6l Corollary 5.9, Theorem 5.10] for example, 
we may find a maximal ideal m of Z with (/)~^(m) — P and define K' Z/m, 
a finite extension of K. Extend the natural surjection Z -» K' to a if'-algebra 
homomorphism 9 : K' ®k Z — > K' . By the Lemma, K' ®k Z = U{t')ne,K' is a 
Tate algebra, so 6 sends the power-bounded subset ir'^'^i' of K' (S>k Z to the ring 
of integers R' in K' and we can find an element A G 7r^'"^f)'* such that A o i is the 
restriction of 9 to tt""^!'. 

Now N :— K' ®z/p is a finitely generated ^'-module and Lemma [2.61 tells 

us that dA'{N) = dA{N) = dA{M). By the Lemma above, K' (S)k Z U(g')^^j^,, 
and this algebra acts on N via A o i o (1 (g) 0) by construction. It now follows from 
Theorem 16. lOf a) that is a finitely generated U^^ ^, -module as required. □ 



9.6. Using the ly-action. Theorem 19.51 tells us that after making an appropriate 
base change, we may assume that our finitely generated Z-locally finite ^-module 
has a if-rational central character Xo i o (p. However CoroUarv 16.111 requires A to 
be p-dominant; our next result shows that we may achieve this by using the action 
of the Weyl group. 

Lemma. For any weight /i G there exists w G W such that w{^i) is dominant. 
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Proof. Let us define a binary relation ^ on t)Jf by A /i if and only if A — /i is a 
linear combination of positive roots with non-negative integer coefficients. Since K 
has characteristic zero, this is a partial order on f)^. Since W is finite, we can find 
an element A = in the W-orbit of /i which is maximal with respect to this 

ordering. If X{h) £ { — 1, — 2, • • • } for some positive coroot h £ t) then taking a to 
be the corresponding positive root, we have 

Sq(A) = a — X{h)a 

lies in the W-orbit of /i and Sq.(A) > A, which contradicts the maximality of A. 
So X{h) ^ { — 1,— 2,---} for any positive coroot /i G f) and hence A = w{fi) is 
dominant. □ 

9.7. Springer fibres. We will assume throughout i)9.7l — H9.9\ that the field k is 
algebraically closed. We will identify the /c-points of the scheme g* = Spec(Symjj. g) 
with the dual of the /c- vector space g^; thus g*(fc) = g^. We will also abuse notation 
and denote the map on fc-points f{k) : X{k) — Y{k) induced by a morphism of 
i?-schemes f : X ^ Y simply as / : X{k) — >■ Y{k). With these notations, the 
diagram from i i5.6l on the level of /c-points looks as follows: 




m 

We are interested in the Springer fibres, which by definition are the sets P~^{y) as 
y runs over g^; these are algebraic varieties over k. 

Let G,B,N denote the sets of /c-points of G,B,N respectively, and let us identify 
the set B{k) of fc-points of the flag _R-scheme B with G/B = {gB : g e G}. The 
group G acts on g^ and on g^ via the adjoint and coadjoint actions, respectively; if 
S" is a subset of g^, let S"""" = {A G g^ : A(S') = 0} denote its annihilator in g^. Note 
that rife C bj, C gj, are the Lie algebras of the algebraic groups N C B C G. 

Lemma. Let y E g^. Then Tl3^^{y) is equal to {gB E B{k) : y E (5. rife)-'-}. 

Proof. Let gB E B{k). The geometric fibre of the morphism of vector bundles 
Lp : Ob ® Q ^ Tb used in M.8I to define the enhanced moment map /? is just the 
action map g^ — )■ Tgfq{G/N) of gfc on the homogeneous space G/N at the point 
^A'' E G/N. Because the action map is surjective by pTO] Proposition IL6.7], this 
tangent space can be naturally identified with gfe/y.rife. It follows that the restriction 

of (3 to T~^{gB) — T*g{G/B) is the dual of this action map, which we will identify 
with the inclusion {g.xik)^ ^ gfe. With these identifications in place, it is now clear 
that gB E Tf3~^{y) if and only if y G {g.xik)-^. □ 



9.8. Nilpotent orbits. We define the nilpotent cone in g^ as the set of zeros of Gfe- 
invariant polynomials in S'(gfe) — 0{q1) with no constant term: M* = V{S{gk)^'')- 



Thus 

OiM*) ^ SiQk)®s{s,)^^ fc. 

The nilpotent cone J\f = V{S{gl.)^'' ) in gfe is defined similarly. Since we're assuming 
that the characteristic of k is very good for G, there is a non-degenerate G- invariant 
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bilinear form on Qk which induces a G-equi variant isomorphism k : g^, — > Qk (see 
[I4l §3.1.2]). This isomorphism maps Af* onto Af. 

The nilpotent cone A/" is a union of G-orbits in Qk called the nilpotent orbits. 
The corresponding G-orbits in Af* are called the coadjoint nilpotent orbits. It turns 
out that these are very closely connected with Springer fibres. The next result is 
well-known, but we give the proof for the benefit of the reader. 

Proposition. For any y G Af* , we have dim (3~^{y) ^ dimS— ^dimG.y. 

Proof. Note first that dimT/3~^(y) = dim /3^-^{y) for all y € 2% because the map t 
is clearly injective on the Springer fibre j3~^{y). Since we've been assuming from 
ti6.7l onwards that G is simply-connected, a result of Springer [71 Corollary 9.3.4] 
tells us that there is a G-equivariant isomorphism rj : Af U, where h( C G is the 
variety of unipotent elements. 

Let u = ri{K{y)) G U. Since K(n^) = bk, Lemma |9 . 71 implies that 

rr'iy) = {gB e G/B K{y) e g.bk} = {gB eG/B:ue gBg-'}. 

Thus Tf3~^{y) is the set of fixed points {G/B)u of the action of u on G/B, and it 
follows from [781 Theorem 3.5(a)] that 

dimT/3"i(y) = dim(G/S)„ < ^ (dim Gg(u) - 

where Cg{u) is the centralizer of u in G and / is the rank of G. The result is now 
clear because dim Cq [u] = dim G — dim G.u = 2 dim B + I — dim G.y. □ 

Remarks. 

(a) It is possible to give a slightly more direct, but longer, proof of this result 
mimicking the proof of [751 Theorem 3.5] (see also [151 Theorem 6.8]), using 
the Steinberg variety of triples 

{(bi, fa2, z) e B{k) X B{k) X G.K{y) : z e bi n bz} 

where we now think of B{k) as the set of G-conjugates of b^ in g^. 

(b) In fact, under our assumptions on p, equality always holds in the Proposition. 
This is the 'Dimension Formula', originally a conjecture of Grothendieck, and 
was proven by Steinberg [78j as a consequence of the Bala-Carter classification 
of unipotent classes. The book [JS] gives a good overview of this subject; see 
also [M] and [^. 

9.9. The minimal non-zero nilpotent orbit. Let gc be the complex semisimple 
Lie algebra with the same root system $ as our group G, and let Gc denote the 
adjoint complex algebraic group associated with gc- It is known [24, Remark 4.3.4] 
that there is a unique non-zero nilpotent Gc-orbit in gj of minimal dimension, 
called the minimal nilpotent orbit. The dimension of this orbit is even integer, 
since each coadjoint Gc-orbit is a symplectic manifold. 

Definition. We let r denote half the dimension of the minimal nilpotent orbit: 

r := i min{dimGc.2/ : 7^ y G flc}- 
The values of r are well-known. We took the following table from [74l §1.6]: 





Ai 


Bi 


Ci Di 


Eg 


E7 


Es 


Fi 


G2 


dimG 


l'^ + 2l 


21'^ + I 


21'^ + 1 21'^ -I 


78 


133 


248 


52 


14 


r 


I 


21-2 


I 21 -i 


11 


17 


29 


8 


3. 
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Pommerening proved that structure of nilpotent coadjoint orbits in good charac- 
teristic is the same as over C. However we will only need to know the following 
consequence of the Bala-Carter-Pommerening classification of nilpotent orbits: 

Proposition. For any non-zero y G Af* , i dim G.y ^ r. 

Proof. By fT, §9.2.1], Af is the set of nilpotent elements in g^. In view of the G- 
equivariant isomorphism k : q'^ ^ Qk, the required inequality now follows from [6^ 
Theorems 2.6 and 2.7]. □ 

9.10. A lower bound for d{M). We now return to our original setting, dropping 
the assumption that the field k is algebraically closed. We can finally state and prove 
the analogue of Smith's Theorem for modules over 7r-adically completed enveloping 
algebras. 

Theorem. Suppose that n > 0. Let M be a finitely generated U {Q)n,K -"module with 
d{M) ^ 1. Then d{M) > r. 

Proof. By Proposition l9.41 we may assume that M is Z-locally finite. By passing to 
a finite field extension of K if necessary and applying Theorem l9.5l we may further 

assume that M is a,U^ ^-module for some A S f)!^- . Since A o (i o 0) — {w • X) o [i o (j)) 
for any w G W by Proposition I9.3r b). we may also assume that A is p-dominant 

by applying Lemma [9^ Thus Gr(M) is a Gr{U^ j^) = S{Qk)(!^s(sk)'^k fc-module by 

Theorem l6.10f c) and if Loc'''(Af) is the corresponding coherent ^-module 

then /3(Ch(X)) = Ch(M) by Corollary Em 

Let k be an algebraic closure of k and let X,Y denote the /c-points of Ch(A^) 
and Ch(M), respectively. These are algebraic varieties over k such that dimX ~ 
dimCh(A^) and dimF = dimCh(M). Moreover, Y C J\f* because Gr(M) is anni- 
hilated by S{Qk)+', and /3 : f*B(k) Q*(k) maps X onto Y. 

Let f : X ^ Y he the restriction of /3 to X. Since dimF = d{M) > 1 by 
Corollary 19.11 we can find a non-zero smooth point y € Y. Since / is surjective, 
we can find a smooth point x G f~^{y)- Considering the map dfx '■ Tx,x — >■ Ty^y 
induced by / on Zariski tangent spaces shows that 

diml" -f dim/^^(2/) ^ d\n\Tx,x- 

Now dimTx,2; 5^ dimS by Bernstein's Inequality, Theorem 17.51 Hence 

d{M) = dimCh(A/) = dimF ^ dimS - dim/3-i(j/) 

^ ^diuvG.y 

^ r 

by Propositions E?!] and ESI □ 

We believe that we can show that the bound in this theorem is best possible as it 
is in the classical result of Smith 74, §3.10]. However we will leave this for another 
paper. 

10. MiCROLOCALISATION OF IWASAWA ALGEBRAS 



10.1. Completed group rings. We now specialize further and assume that the 
uniformizer tt of our complete discrete valuation ring R is the prime number p. We 
make no assumptions about the residue field k of R, except that it is of characteristic 
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p. We let w : i? — ?> Z U {00} be the discrete valuation of i?, normalized by v{p) ~ 1. 
Note that these assumptions imply that R contains a canonical copy of the p-adic 
integers Zp. 

Whenever G is a profinite group, we will denote its completed group ring with 
coefEcients in R by 

RG ■= i?[[G]] = X\mR\GIN\. 

Here iV runs over all the open normal subgroups N of G. When G is a compact 
p-adic Lie group, we call RG the Iwasawa algebra of G with coefficients in R. 

10.2. Uniform pro-p groups and their Lie algebras. We refer the reader to [28l 
§4] for the definition of uniform pro-p groups, and briefiy recall their main properties 
here. We fix the uniform pvo-p group G of dimension d dimG and a minimal 
topological generating set {gi, . . . , g^} for G until the end of i fTOl Thus each element 
of G can be written uniquely in the form g^^ ■ ■ ■ g^"^ for some Ai, . . . , G Zp. It is 
shown in [351 Theorem 4.30] that the operations 

A • a: = x^, 
X + y = lim (a;P Y i 
[x, y] = lim (x~P y~P x^ yP )p 

define on the set G the structure of a Lie algebra over Zp. We will denote this Lie 
algebra by Lq- It is known that Lq is a powerful Lie algebra, in the sense that it 
is free of finite rank as a module over Zp and [Lg,Lg] is contained in pLc (and 
[Lg,Lg] C 4L(3 if p = 2). Regardless of whether p is odd or even, we note that 
[p~'^ Lg,P~'^ Lq] is always contained in p^^La- This motivates the following 

Definition. Let G be a uniform pro-p group. We define R-Lie algebra associated 
with G to be 

p \P J 

It is clear that j;RLg is an i?-Lie algebra which is free over R of rank d. We can 
also consider the associated graded group to G: 

00 00 
grG:=0gr,G = 0G^'7G^''+\ 

i=0 1=0 

Since G is uniform, each graded piece gr^ G is a finite elementary abelian p-group. 
Moreover by [28l Lemma 4.10], the p-power map induces a bijection gr^ G — >■ grj^.^ G 
of abelian p-groups, so in fact gr G is naturally a graded module over the polynomial 
ring Fp [t] where t acts by raising elements to their p-th powers: 

t ■ gGP'^' = gPGP'^' 

for all g G GP . This module is free of rank d. Since L^pi — p^Lq for all i ^ 0, we 
can use [25J Corollary 4.15] to identify grG with 

00 

EtLg ■.= ^p'Lg/p'+^Lg 

i=0 

and therefore grG carries the structure of a graded Fp[t]-Lie algebra. By tensoring 
grG with k over Fp, we obtain the following 
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Lemma. Let G be a uniform pro-p group, let () be its associated R-Lie algebra and 
let f)fc = f)/pf)- Then there is a natural isomorphism of graded k[t]-Lie algebras 

grG®F^ k = t\)k[t]. 

In particular, gr G is abelian whenever \)k is abelian. 

10.3. The m-adic filtration on RG. Let bi — gi — \ ^ R[G], and write 

b" - • • • e R[G] 

for any d-tuple a e N"*. Then it follows from the proof of UHl Theorem 7.20] that 
RG can be naturally identified with the set of non-commutative formal power series 
mbi, . . . ,hd with coefficients in R: 

Let m = ker(i?G — > k) be the unique maximal ideal of RG, and let deg : RG — > 
ZU {00} be the degree function corresponding to the m-adic filtration on RG; thus 
deg(a;) = a precisely when x G m°\m°+^. We can now state the fundamental result 
due to hazard. 

Theorem. The group ring R[G] is dense in RG, and 

deg I 1 = ™ {^(^") + l"l I " e N'^} . 

The degree filtration on RG is complete and the associated graded ring gr RG is 
isomorphic to the enveloping algebra of the k[t]-Lie algebra grG(8)Fp k: 

gr i?G ^ C/(grG®F, k). 

Proof. The group ring R[G] is dense in RG because it contains all sums of the form 
SqsN'' ^a^" where only finitely many coefficients are non-zero. The displayed 
formula for the degree of an element in RG follows from '28', Theorem 7.5], and 
the completeness of the degree filtration on RG follows from the fact that R is 
TT-adically complete. 

Define a function w : G ^ Z+ U {00} by uj{g) = i + 1 if g £ Gp\Gp'^' and 
= 00. Then w is a p-valuation on G in the sense of [53l Definition IL2.1.2], 
and the associated graded Lie algebra gr G of G with respect to oj in the sense of 
[53 1, §n.l.l.72] coincides with the Lie algebra grG defined above, because [x,y\ = 
x~^y~^xy mod G^^ for any x,y £ G\Gp by [551 Lemma 4.28]. The last assertion 
of the Theorem now follows from 53, Theorem IIL2.3.31. □ 



Corollary, gr RG is a Noetherian domain. 



Proof. By Lemma ri0.21 grG®r^ k is isomorphic to tf)fc[i]. This is a free A;[i]-module 
of rank d. Now apply the Poincare-Birkhoff-Witt Theorem. □ 
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10.4. The microlocalisation of RG at grp. We can now make the connection 
between Iwasawa algebras and almost commutative afSnoid algebras. Since (] := 
^RLg is a i?-Lie algebra which is free of finite rank as an i?-module, we know from 
Example l3.4f c) that ?7(f)) is an almost commutative i?- algebra. Hence we may form 
its p-adic completion in the manner of H'i.7\ 

- (hm;7(fi)/p'-{/(f))) (E)rK. 

On the other hand, the set of powers of gip in gi RG is multiplicatively closed and 
consists of homogeneous central elements, and gv RG is Noetherian by Corollary 
110. 3[ so we can consider the corresponding microlocal Ore set S from 



S* {a; e i?G' I gr a; = (gip)'' for some a ^ 0} = |J (p'^ + m^+i) C RG. 



a>0 



Theorem. Let G be a uniform pro-p group and let f) — ^RLq he its associated R- 
Lie algebra. Then the microlocalisation oj RG at grp is isomorphic as a complete 
"L-filtered ring to the almost commutative affinoid K -algebra U{\))k- 



,piRG) - C/([)) 



K- 



Proof. The exponential series exp(u) converges to a unit in the algebra A := J7([})if 
whenever u E Lq C pi). Now the Campbell-Hausdorff formula [28l Theorem 6.28] 
shows that 

u* V :— log(exp(M) exp(w)) 

is an element of Lq for all u,v Lq, and ip : u i-^ exp(u) is an isomorphism from 
the uniform pro-p group G to the subgroup exp(LG) of the group of units of A by 
the proof of [28l Theorem 9.10]. We thus obtain an i?-algcbra homomorphism 

ij : R[G] -> A 

such that il^iu) = exp(u) for all u £ G. Let {m, . . . , Ud} be the i?-basis for f) corre- 
sponding to the topological generating set {gi, . . . ,gd} of G. In these coordinates, 
the map V' satisfies 

i/'(b") = (eP"i - l)"i • • • (eP"" - 1)"" = pl"lu" mod p^^^+^FqA 

where the monomial u" = u^^ ■ ■ ■ u^"^ is computed inside the enveloping algebra 
U{\)) C A. Now let X — X^aeN'' -^ab" S R\G] be a non-zero element and let 
m = deg(a;). Then m = min {f (A^) -|- |a| | a G N*^} by Theorem 110.31 and 

^(x)^p- (;^)"" nrodp"+iFoA 

v{\c,)=m-\a\ ^ 

Now the slice grp A of A is isomorphic to C/(f)fc) and the images of the monomials u" 
in grp A are fc-linearly independent by the Poincare-Birkhoff-Witt Theorem. Hence 

deg(?/'(x)) = deg(a;) for ah x e R[G] 

and the homomorphism ^ is strictly filtered. Since A is complete and since R[G] is 
dense in RG by Theorem 110.31 tp extends to a strictly filtered ring homomorphism 

i}-. RG^ A 
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which sends grp £ gi RG to s = grp G grA. Now gi A = U{t}k)[s, s^^] by Lemma 
13.11 so s is a homogeneous unit in gr A and hence ip extends to a strictly fihcrcd 
ring homomorphism 

4'K : Qt{RG) ^ A 

by the universal property of algebraic microlocalisation. Since ipx is strictly filtered, 
it must be injective. Now 

giQtiRG) ^ (grEG)t 
by Lemma 12.41 and the above computation shows that 

gT{ipK){t) = s, and 

gr{ipK){gr{bi)) = sui for ah i^l,...,d. 

Hence the image of gi{ipK) contains the generators of gr A as an algebra over gr K 9^ 
k[t,t~^], so gr(V'i<-) is surjective. Hence ipK is also surjective because Qt{RG) and 
A are complete. □ 

10.5. Remarks. 

(a) Theorem 110.41 is essentially due to Lazard, since it appears in a different lan- 
guage as [53l §IV.3.2.5] and is proved there for the larger class of p-saturated 
groups. The completed enveloping algebra ?7(f)) is shown to be isomorphic to 
the 'saturation' Sat(_R[G']) of the valued group ring R[G\. 

(b) The algebra A is heavily used in the foundational chapter 6 of the book [28] 
under the name Qp[[G']]. It underpins the entire development of Lie theory for 
compact p-adic analytic groups in that book. 

(c) We believe that our way of phrasing Theorem 1 10. 41 is new in the literature. The 
algebra A appears as the 'largest' distribution algebra Di/p{G, K) in the paper 
[70] by Schneider and Teitelbaum. 

(d) One advantage of the viewpoint we give in this paper is that the theory of 
algebraic microlocalisation tells us which modules are killed by the base change 
functor associated to the ring homomorphism RG — >■ A: these are precisely the 
S'-torsion modules. 

10.6. Crossed products. The subgroup G^ of G is uniform by [28l Theorems 
3.6(i), 4.5] and the group _ff„ := GjG"^ is finite by 28, Proposition 1.16(iii)]. Con- 
sider the completed group ring RG^ and let m„ be its unique maximal ideal. The 
group G acts on RG"^ by conjugation, this action preserves the m„-adic filtration 
and fixes p. Hence it preserves the corresponding microlocal set 

in RG^ and induces an action of G by ring automorphisms on the microlocalisation 

Un '■— Qgip{RG^ ). 

We will write this action on the left: thus x i— >■ is the automorphism induced by 
5 G G on Un- We now define a multiplication on the tensor product Un ®rgp" RG 
by setting 

{x g) ■ {y<Si h) — xify) (g) gh. 

for x,y GUn and g,h £ G. 

Proposition. Let f) = -RLq he the associated R-Lie algebra of G. 
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(a) hin = U{i))n,K is an almost commutative ajjinoid K -algebra. 

(h) Un ®B.Gp^ is a crossed product Un * Hn of U{\])n,K with Hn — G/G^ . 

(c) The inclusion RG^ lAn extends to a natural inclusion RG ^ lAn * Hn ■ 

(d) Un * Hn is a flat right RG-module. 

(e) If M is a finitely generated RG-module, then {Un * Hn) ®rg M = if and only 
if M is Sn-torsion. 

Proof, (a) The i?-Lie algebra associated with the uniform pro-p group G^ is clearly 

p"f), so Un is isomorphic to J7(p"f))/f by Theorem 1 10. 41 But this is just U{l))n,K by 
definition. 

(b), (c) Recall [59l §1.5.8] that a crossed product of a ring by a group H is 
an associative ring S * H which contains 5" as a subring and contains a set of units 
H = {h : h G H}, isomorphic as a set to H, such that 

• S * H is a free right S'-module with basis H, 

• for all x,y G H , xS = Sx and x ■ yS — xyS. 

Such a crossed product determines an action cr : iJ — > Aut(S') and a twisting t by 
the rules 

a{x){s) — X X 
xy = xyT{x,y) 

for all x,y £ H and s G S. Here t{x, y) € for all x,y £ H. It turns out that a 
defines a group homomorphism H — )• Out (5*) and r is a 2-cocycle t : H x H ^ 
for the action of if on 5*^ via a. Conversely, starting with a ring S, a group H, a 
group homomorphism a : H Out(5') and a 2-cocycle t : H x H , one can 

construct an associative ring 5**0-,,- H which is a crossed product of S by H, having 
the prescribed action and twisting — see [63] . 

Now RG is a crossed product of RG^ with Hn defined by some action a : Hn ^• 
Out{RGP") and twisting r : i/„ x i7„ ^- (i?GP")^. Units in RGp" are units in Un, 
and ring automorphisms of RG^ extend to ring automorphisms of Un because 
the m„-adic filtration on RG^ is canonical. Furthermore, inner automorphisms 
extend to inner automorphisms, so we obtain an action a' : Hn — > Out(W„) and a 
twisting r' : Hn x Hn — Un which is still a 2-cocycle. Thus we can form the crossed 
product Un *a',T' Hn which equals Un ®rgp" RG as a set, and a ring homomorphism 
RG — >■ Un *cr',T' Hn which extends the inclusion of RG^ into Un. It is clear that 
the multiplication in this crossed product agrees with the one defined above. 

(d) For any i?G'-niodule M, there is an isomorphism of left Z//„-modules: 

{Un * Hn) ®RG M = Un ® RQp^ RG®R,G M ^ Un ® RGp" M. 

Restriction of modules is exact, and Un = Qgrp{RGP") is a flat i?GP"-module by 
Lemma 12.41 

(e) This follows from Lemma 12.41 and the displayed isomorphism above. □ 

Remark. It can probably be shown that the crossed product Un * Hn is isomorphic 
to the distribution algebra D pn^/j^(G, K), but we will not need this isomorphism. 

10.7. Re-valuation of p e RG. We now reinterpret the work of Schneider and 
Teitelbaum [70l §4]. The main idea is to define degree functions 



deg^ -.RG-^RU {oo} 
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for any real number w ^ 1, such that 

deg^(p) — w and deg^(6i) = 1 for ah i — 1, . . . ,d. 
Definition. For any real number w ^ 1, define deg^ : RG — >■ M U {oo} by 

deg„ ^ A^b" = min {w ■ v{Xa) + \a\ \ a e N'^} 

with the understanding that this minimum value is oo if all the Xa are zero. 

Thus degi is the degree function associated to the m-adic filtration on RG. 
Lemma. For any w ^ I, deg^ is a degree function in the sense of \ 



Proof. When translated to the language of norms, deg^ corresponds to the norm 
II • llp-i/™ defined in [TDl P- 160]. Then the result follows from [TDl Proposition 
4.2]. □ 

Morally, as w — >■ oo the element p G RG approaches 0, so the filtrations approach 
mod p Iwasawa algebra kG := RG/pRG, equipped with its rfi-adic filtration. 

Let gr™ RG be the associated graded ring of RG with respect to the associated In- 
filtration, and let Xi = gi^ hi e gr^" RG be the principal symbols of the topological 
generators hi of RG. The associated graded ring gr'" R oi R with respect to deg^ 
is isomorphic to the polynomial ring k[tw] with in degree —w — see tj2.2l for our 
conventions. 

Proposition. 

(a) gr™ RG is isomorphic to the polynomial ring k[tw, Xi, . . . , Xd] as k[tw]-modules. 
(h) If w > 1 then this is an isomorphism of graded rings. 

Proof. Apply |701 Lemma 4.3] and the remarks immediately before this Lemma. □ 

10.8. The restriction of deg^ii to RG^ . Recall that {gi, . . . , g^} is a minimal 
topological generating set for the uniform pro-p group G. By |28[ Theorem 3.6(iii)], 
{g^ , . . . , g^ } is a minimal topological generating set for the open uniform subgroup 
GP" of G, so 

RGP" = J I A„ e i? 

where b" := (g^ — 1)"^ • • • {g^ — I)"''. We can now calculate the restriction of the 
filtration degp„ on RG to its subalgebra RG^" . The next result is essentially [571 
Proposition 6.2], but we give a proof for the convenience of the reader. 

Proposition. Let m„ he the maximal ideal of RG^" . If x £ m°\m"j+-^ for some 
integer a ^ 0, then degpT.(a;) = p"a. 

Proof. The polynomial (1 + X)p" — (1 + X^" ) is divisible by p and has no constant 
term. Therefore 

(1 + h,)P" EE 1 + hf mod pmo 

for all j = 1, . . . , d. Since degp„(mo) ^ 1 and degp„(p) — by definition, we see 
that 

gf-l = hf"+ei 
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X = 

aeT 



for some G RG with degp„(ei) > p". It follows that 

b,^ = (gf - ir ■ ■ ■ {af - ir - 6f • • • h^''^^ + 6„ = b^"" + e„ 
for some e i?G with degp„(ea) > p"|q!|. Thus 

degp,.(m{) ^ p'^j for all j ^ 0. 
Now as X e m°\m°+-^, we can write 

X = ^ Aab^ mod m^+^ 

for some non-empty set T of indices a satisfying v{Xa) = a — \a\ for all a € T. 
Because degp„(m^"'"^) ^ p"(a + 1) > p"a, 

aeT 

for some x' with degp„(a;') > p"a. Since u(Aq) = a — |a| for all a £T, we see that 
degp„ [ J2 ^'-^""^ ] = min{p"i'(A„) + \aeT}=p"a 

\aeT ) 

by the definition of degp„ . Hence degp„ (x) — p"a as required. □ 

Let S{w) be the microlocal Ore set in RG associated to the deg^ filtration and 
the powers of in gr™ RG: 

S(w) = {x e i?G I gr"'(a;) = C for some a ^ 0}, 

and recall the microlocal Ore set Sn ^ RG^" from t jl0.6l 

Corollary. 

(a) The restriction of the degp„ filtration to RG^ is a re-scaling of the Tn„ -adic 
filtration on RG^ . 

(b) The image o/gr^ RG^ inside gr^ RG is precisely k[tpn][Xf ,...,X^ ], with 
all generators in degree p" . 

(c) For any n ^ 0, Sn is contained in S{p"'). 

Proof. The first two statements are clear. Let p"" + x £ Sn for some a ^ and 
X G m^+i. Then 

degp„(a;) ^p"^{a+l) > p'^a 
by Proposition [m^ so p°- + x e Sip''). □ 

10.9. The filtration on kG. Write x for the image of a; G RG in the completed 
group ring kG := RG/pRG. We will abuse notation and write b" = b", so that 
kG is in bijection with the set of non-commutative formal power series in 6i, . . . , &rf 
with coefficients in k: 

fcG = i ^ A„b" I A„ e A: I . 
Let us define deg : kG — > M U {oo} as follows: 

deg ^ ^ab" = min{|a| | ^ 0} . 
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Let m = ker(fcG — ?• k) be the maximal ideal of kG; then clearly 

a if a; e m"\m''+^ 



deg(x) 



DO if a; = 



so deg is the usual degree function associated with the m-adic filtration on kG. 
The degree functions deg^ on RG and deg on kG are related as follows. 

Lemma. Let x G RG he such that x ^0. Then 

(a) deg(S) > deg^(x) for anyw^l. 

(b) If y & RG is such that y = x, and if w ^ dcg(x), then 

deg„(y) = deg(x). 

Proof, (a) Write x = X^ogn'' ^a^°' for some Ac € R. Since x is non-zero, deg(x) = 
for some /3 e N'' such that viXp) ^ 0. Then 

deg(x) = \(3\ > min [w ■ v{\a) + |a| | a G N''} = deg^,(a;). 

(b) Let a be such that |a| < By definition of deg, p divides A^, and the 
coefficient /Xa of b" in y differs from Aa by a multiple of p. Since w > deg(S) = |/3| 
by assumption, 

w ■ v{iia) + \a\^w^ \/3\ 
for any such a. On the other hand 

w ■ v{iJba) + \a\ > 

is trivially true whenever \a\ > |/3|, so 

deg^(y) = min{w • v(jia) + la]} > \P\ = deg{x). 

But we showed in (a) that deg(x) = deg(y) ^ deg^(y). □ 

10.10. Good generating sets. Since the m-adic filtration on kG is complete, and 
the associated graded ring is Nocthcrian, it is well known that the Rees ring 

kG = ^mH-^ c kG[t,t-^] 

is Noetherian (where as always m-' = kG if j ^ 0.) 
Let J be a left ideal of kG. Then the Rees ideal 

J = 0(Jnm^)f-^<i;fcG 

is finitely generated over kG. Let zit~'^^,- ■ ■ , zgt~'^' be a homogeneous generating 
set for J, for some Zi e J with deg(.2i) = d^; then {2:1, . . . , ze} is a good generating 
set for J: 

e 

J n m" = ^ m"-*^i for all n e Z. 

i=l 

We record this as a Lemma: 

Lemma. Let x G J. Then there exist ri € kG such that x = Y^l^i riZi and 

deg(ri) > deg(x) - di 

for all i = 1, . . . 

Here is the faithful flatness result of Schneider and Teitelbaum from the point 
of view of non-commutative algebra. 
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10.11. Theorem. Let J be a left ideal of RG such that RG/J is p-torsion-free. 
Then there exists wq > 1, depending only on J, such that gi^{RG/J) is iu,-torsion- 
free for all w ^ wq. 

Proof. Suppose that t^^ ■ X £ gr'^ J for some homogeneous element X £ gr™ RG; 
we will show if w is large enough then we can find x' £ J such that X = gr™ a;', 
which implies that X £ gr"" J . 

Let {zi, . . . , zt] be a good generating set for the left ideal J of fcG, as in ^ 310. 101 
Let di — deg(zi) and define 

Wo := maxjdi, . . . , di\. 

We fix lifts Ui £ J for these generators and note that ii w ^ wq then 

deg^{ai) ^ di for all i = 1, . . . ,£ 

by Lemma [10. 9f bV Choose some x £ RG, possibly not in J, such that gr"" x = X. 
Since gr*" p ■ gr*" x £ gi"' J, 

px + z £ J 

for some z £ RG with deg^(z) > deg^{px). So z e J and by Lemma flO. 101 we can 
find ri, . . . ,ri £ kG such that x — X]i=i ^i'^i ^^id 

deg(ri) > deg(3;) — di for all i = 1, . . . , I. 

Choose lifts Si £ RG of £ kG satisfying deg^(si) = deg(ri). Then 

I 

Z = ^ SrOi + py 
i=l 

for some y £ RG, and 

deg^ (ELi SiOi) ^ min{deg„(si) + deg„(a,)} = 

= min{deg(ri) + di} > deg(z) ^ deg^(z) 

by Lemma FlO.Qf a). Hence 

deg^(ro) = deg„ ^ ^ ^^"^) ^ ^ deg^(pa;). 

Since tw is not a zero-divisor in gr"" RG, we deduce that 

deg^(y) > deg^(a;). 

Since each lies in J, 

I 

px + py = px + z — Sitti £ J. 

4 = 1 

But RG/J is p-torsion-free, so x' := x + y £ J; since deg^,(y) > deg^(x) we deduce 
that X = gr"" X = gr™ x' £ gr'" J. □ 

Corollary. Let M be a finitely generated p-torsion-free RG-module. Then there 
exists no £ N such that M is Sn-torsion-free for all n ^ ng. 
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Proof. Let KG ~ K ®b. RG. It is enough to prove that the i^G-module Mk — 
K^rM is Sn torsion-free for all n sufBciently large. We can find a finite composition 
series for Mk consisting of A'G-submodules such that each composition factor is 
cyclic; then Mk is S'„-torsion-free provided all the composition factors are Sn- 
torsion-free. Thus we may reduce to the case where M is a cyclic i?G'-module, 
M ^ RG/J, say. 

By Theorem llO.Ill there exists wq > 1 such that gr"'(i?G/J) is t^-torsion-free 
whenever w ^ wq. Hence RG/ J is S'(?i')-torsion-free if w ^ wq by Lemma 12.41 

Choose no such that p"° > wq, and let n ^ uq. Then ^ wq and Sn ^ <S'(p") 
by CoroUarv llO.Sr c). so M is iSn-torsion-free. □ 

10.12. The congruence kernels. Recall the algebraic i?-group scheme G intro- 
duced in i )4.7l We now make the following additional assumptions on our uniform 
pro-p group G: 

• The Lie algebra g of the algebraic group G and the Lie algebra Lq of G 
satisfy = R Lq for some integer m ^ 0, 

• G is semisimple, 

• p is a very good prime for G in the sense of ^16. 81 

Thus p^Q is the i?-Lie algebra ^RLq associated to the uniform pro-p group G 
in the sense of i jl0.2l It follows from the discussion in [TU §7] that the so-called 

(m -t- l)-st congruence kernel 

G = ker(G(Zp) ^ G{Zp / p'^+^Zp)) 

of the group of Zp-points G(Zp) satisfies these conditions. We now combine the 
earlier results of this paper in order to obtain some information about the repre- 
sentation theory of the central localisation 

KG -.^ K ®rRG ^ K ®R R[[G]]. 

of the completed group ring _R[[G]]. Equivalently, we study the category of p- 
torsion-free i?G-modules. Perhaps our methods are applicable to a slightly wider 
class of compact p-adic analytic groups, but it may help the reader to keep these 
congruence kernels in mind. 

10.13. Modules over KG. Note that RG is an i?-lattice in KG and the slice 
grQ KG = kG is a complete Z-filtered ring when equipped with its m-adic filtra- 
tion — see iil0.9l Thus KG is itself a complete doubly filtered X-algebra with 
Gi{KG) — gr kG ^ fc[xi, . . . ,Xd] and the theory of i j3.1l — ^3.31 applies, although it 
is not an almost commutative affinoid ii'-algebra because the filtration on its slice 
is negative. 

Lemma. KG is Auslander-Gorenstein with inj.dimA'G = dimG. Let M be a 
finitely generated KG-module. Then d{M) — dim Ch(M) and d{M) = if and 
only if M is finite dimensional over K. 

Proof. The first part is originally due to Otmar Venjakob 1751 Theorem 3.29], but 
also follows from Theorem 13.31 Since KG always has the trivial module K which 
is one-dimensional over K, the second part follows from Proposition 19. II □ 

We can now put all the pieces together and prove the main result of our paper. 
Recall the integer r defined in ^9.9[ and the algebras Un — QgrpiRG^ ) defined in 
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§10. 6|, and note that in our current notation, 
by Theorem [TnH 

Theorem. Let M be a finitely generated KG-module which is infinite dimensional 
over K . Then d{M) ^ r. 

Proof. Let j = j(M); then the XG-module N Ext}^g(M, KG) is finitely gener- 
ated and nonzero. Pick any finitely generated i?G-submodule and i?-lattice FqN 
in TV. By Corollary 110.111 N is S'„-torsion-free for some integer n which we may 
as well assume to be positive. Let B — Un * Hn', then B ®kg N — B (E)rg FqN 
is non-zero by Proposition 110. Gt e). Now B is a fiat i?G'- module by Proposition 
110. 6f d) so B is also a fiat i^G-module and inj.dimi^G — inj.dimS by 2, Lemma 
5.4], Proposition 19. II and the Lemma, so we may apply Proposition 12.61 to deduce 

dKG{M)^dB{B®KG M). 

Since M' :— B^kgM is a finitely generated B-module and i? is a finitely generated 
Z//„-module, M' is a finitely generated W„-module. Finally, dsiM') = dxGiM) > 1 
by the Lemma because M is infinite dimensional over K, and dsiM') = du„(M') 
by [21 Lemma 5.4]. Hence we may apply Theorem 19. 101 to deduce that dKG{M) — 
duJM')^r. □ 

We can now prove Theorem lAl from the Introduction. 

Proof of Theorem\^ Suppose that K , G and M are as in the statement of Theorem 
lAl By restricting from KG to QpG and applying Lemma [2.61 we may assume that 
K — Qp. Since the Lie algebra of G is split semisimple, we can find an open uniform 
subgroup H of G that satisfies the assumptions of H10.12I Choose an open normal 
subgroup N oi G contained in H; then dKc{M) = dKN{M) = dKH{M) by [H 
Lemma 5.4] and the result follows from the Theorem above. □ 

11. Finite dimensional ATG-modules 

In this section we study finite dimensional XG-modules. The results and proof 
techniques in i|ll.HlllT3l are similar to those for distribution algebras found in 
Prasad's appendix to ,£8]. It is not clear to us how to deduce our results directly 
from those found there. 

11.1. Lie modules and Artin modules. We continue with the notation of §10.121 
but drop the restriction on p. 

Definition. We let Ai denote the category of ii'G-modules which are finite di- 
mensional over K, and all i^G-module homomorphisms. We let C denote the full 
subcategory of Ai consisting modules obtained from finite dimensional Wo-modules 
by restriction; we tentatively call objects in C Lie modules. We say that V G Ai is 
an Artin module if some open subgroup of G acts trivially on V, and let A denote 
the full subcategory consisting of Artin modules. 

We will denote an Artin module V by the corresponding representation p : G ^ 
GL{V). Note that if V is an abstract if [G]-module such that some open normal 
subgroup U of G acts trivially, then V is automatically an Artin module because 
the action of K[G] on V factors through K[G/U] and the completed group ring 
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KG surjects onto K[G/U]. We will use this observation without further mention 
in what follows. 

Proposition. Let M G A4 and suppose that M is Sn -torsion- free. Then the natural 
map 

mi ■■ M — ^ {Un * Hn) ®KG M 
is an isomorphism of KG-modules. 

Proof. Suppose first that n = and write S — Sq. Choose a finitely generated RG- 
submodule and i?-lattice iV in M, and choose a good filtration F,N on N for the m- 
adic filtration on RG. TheiiUo(E)KG M = Qgip{RG)(E)RGN is the microlocalisation 
Qgrp{N) of N at grp, which in turn is isomorphic to the completion of Ng :— 
{RG)s <E)RG N with respect to a certain filtration F,{Ns) on this i?G'5-module — 
see H2.4\ The filtration F,{Ng) is good, and the filtration on {RG)s is Zariskian by 
Lemma so F,Ns is separated by 55, Corollary 1.5.5]. 

Let L = Fo{Ns); then because e F^i{RG)s for all i we see that Fi{Ns) — 
p~^L for all i. Since F,Ns is separated, L is an _R-lattice in Ns and QgrpiN) is the 
completion of Ns with respect to this lattice. 

Now because p £ S, the partial localisation M — Nk of N is contained in Ns- 
Let s € S. Since M = Nk is S'-torsion-free by assumption, s acts injectively on M. 
Because M is finite dimensional over K, the action of s is actually surjective, and 
therefore by the universal property of localisation the natural map M — Ns is an 
isomorphism. So Ns is finite dimensional over K and hence L is finitely generated 
over R by Proposition 12. 71 But finitely generated i?- modules are already p-adically 
complete, so the natural map Ns — > QgrpiN) is an isomorphism. 

Returning to the general case, let M„ = M denote the restriction of M to KG^ . 
Then there is a commutative diagram of KG^ -modules 

M [Un * Hn) ®KG M 



Mn ^ Un 'SlKGP'^ Mn 

where the left column is the identity map and the right column is the isomorphism 

{Un * Hn) ®KG M = {Un <S)kgp" ^G) ®kg M ^ Un <8>kgp'' givcu by the 
definition of the crossed product Un * Hn. Since the bottom row is a bijection by 
the case n = Q applied to the KG^ -module M„, rjM is a bijection and the result 
follows. □ 

Theorem. 

(a) The category Jvi is semisimple: every submodule W of V £ M. has a comple- 
ment. 

(b) Uq ®kg ~ is ctn equivalence of categories between C and the category of finite 
dimensional U{QK)-'modules. 

Proof, (a) By CoroUarv 110.111 V is S'„-torsion-free for some n. Let us identify V 
with {Un * Hn) ®KG V using the Proposition; then F is a finite dimensional Un * Hn- 
module and W is a. Un * i?n- submodule. By Corollary 19.21 we can find a Z^„-linear 
projection a from V onto W. Since we're working over a field of characteristic zero, 
the average a' := J2heH '^^ ^^^^ -ff„-conjugates of cr is a Un * iJ„-linear 
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projection of V onto W — see [63l Lemma 1.1] for more details. Now kera' is a 
iirG-stable complement to W in V. 

(b) Let C denote the category of finite dimensional iYo-modules. The restric- 
tion functor R = HomA'G(^Oj~) is right adjoint to the base-change functor L = 
^0 ^KG and sends C to £ by definition, li V ~ RW e C, then Sq acts invert- 
ibly on V because 5*0 consists of units in Uq. Therefore V is S'o-torsion-free and 
the counit of the adjunction rjy ■ V ^ RLiV is an isomorphism by the Proposi- 
tion, which implies that L sends £ to C. For W E C, the unit of the adjunction 
ew : JjRW — >■ W satisfies H^ew) ° VRW — Irvv by the unit-counit equation. So 
T{,{ew) is an isomorphism because rjnw is an isomorphism. Therefore ew is bijec- 
tive and hence an isomorphism, so L : £ — >■ C is an equivalence of categories. But 
we already know from Corollary 19.21 that C is equivalent to the category of finite 
dimensional J7(gA')-modulcs via restriction along the inclusion {/{qk) ^ Q 

Corollary. Let V £ C be simple. Then EndKaiV) — K . 

Proof. Apply part (b) of the Theorem and Proposition 7.1.4(iv)]. □ 

We will see shortly that M is built from C and ^ in a very precise way: in fact, 
M is the tensor product of C and A in the sense of [25l §5] . 

11.2. A factorization theorem. Recall that a module V is said to be isotypic if 
V = for some simple module W and some s > 0. 

Lemma. Let M M be a simple module which is Sn-torsion-free. Then M' := 
(Un * Hn) ®KG M IS an isotypic Un-module. 

Proof. The group G acts by conjugation on the algebra Un and this action fixes 

the Harish-Chandra centre Zn ■= C^(0)^+m ^ of Un = U{g)n+m.K, because this 
conjugation action is induced by the adjoint representation of G on qk- Let W be 
a non-zero simple Z^„-submodule of M' and let g G G; then gW is another simple 
iY„-submodule with the same action of Z„. But up to isomorphism, there is only 
one simple finite dimensional Z//„-module with this action of Zn , so gW = as a 
Z//„-module. 

Let be the image of {Un * Hn ) ®jv„ W in M' . This is a non-zero ATG-submodule 
of M' by construction. But M' is a simple ATG-module by Proposition 111.11 so 
N = M' . Now A^ is a finite sum of modules of the form gW as a Z//„-niodule; 
since finite dimensional Z^„-modules are semisimple by Corollarv l9.21 it follows that 
M' = A^ is an isotypic Z^„-module. □ 

Theorem. Let M be a simple finite dimensional KG-module. Then M V ® p 
for some simple V £ C and some simple p (z A. 

Proof. Using Corollarv llO.lli choose n such that M is S'„-torsion-free; then M' := 
{Un * Hn) <E)KG M IS an isotypic Z^„-modulc by the Lemma, so M' = W* for some 
simple, finite dimensional Z^„-module W. By Corollarv l9.2l we may assume that W 
is the restriction to Un of a simple finite dimensional Wo-module. Let V = TLW be 
the corresponding object in C; note that V is simple by Theorem 1 1 1 . iT b) . Consider 
the vector space 

p := Hom;fGp-(y,M). 
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Because V and M are finite dimensional over K, p is also finite dimensional over K. 
Moreover the inclusion W ^ M' gives by restriction to KG^ a non-zero element 
of p so p 7^ 0. The rule 

{9-f){v)^9ng^^v), geCveVjGp 

defines an action of G on p which by definition is trivial on ; thus p € ^ is an 
Artin representation of G. Now KG acts diagonally on the tensor product V <S) p 
and there is a natural _fCG-module map 

e:V(^p^ M 

given by evaluation: 9{v (X" /) = /(w). The map 9 is non-zero because p ^ 0; since 
M is simple it follows that 6 is surjective. But dim^ M = dim^ M' = t dimx W 
by Proposition II and 

dvcsiK p = dimA' Hom^Gp" [W^ W*') — t dim^- Hom^Gp" [W^ W) = t 

by Corollary 111.11 applied to the group G^" . Hence dim^- V ® p — t dimjf W also 
and 9 is an isomorphism. Finally, if p' is a non-zero submodule of p then V ® p' 
is a non-zero submodule oiV ® p. Because V ® p = M is simple, this submodule 
must be the whole oiV ® p and a dimension count shows that p' — p. □ 

11.3. Uniqueness of factorization. 

Lemma. Let p he an Artin representation which is trivial on G^ and let V £ C 
be simple. Then the natural map 

ip : p^ HomxGp" {V, V ® p) 
given by ip{x){v) — v ® x is an isomorphism of KG -modules. 

Proof. Since G^ is normal in G, the group G acts on Hom^Gp" (^i V ® p) via 
{g.f){v) = g.f{g~^v). The action of G^" is trivial, so Hom^-Qp" (V, F ® p) is an 
Artin representation of G. 

It is straightforward to verify that ip is an injective _fCG-module homomorphism. 
Because p is trivial on G^ , the restriction oi V (E) p to KG'' is a direct sum of 
dimif p copies of the restriction of V, so 

diniA" Hom^Gp" {V, V p) ~ dimx p ■ diniA" End^-Gp" (V). 

It now follows from Theorem I ll.lf b) that V is still simple as a XG^" -module, so 
End^Gp" (^) — K by Corollarv lll.il Hence p is an isomorphism. □ 

We can now give a partial classification of simple finite dimensional A'G-modules 
for compact p-adic analytic groups G satisfying the hypotheses of i jlO.121 

Theorem. Let V E C and p E A be simple, 
(a) The module V <Si p E A4 is simple. 

(h) IfV®p = V'®p' for some simple V' E C and p' E A, then V ^ V and p ^ p' . 
Proof, (a) By the proof of [SJ Lemma 4.4(c)], there is a if-linear isomorphism 

RomKoiV (E) p,V (g) p) = llomKG{V,V (g) p (E) p*) 
where p* denotes the Artin representation dual to p. But 

}ioinKGiV,V(Ep(E)p*) = (Horn AGP" = ip(^P*)'^ = HoniAG(p,p) 
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by the Lemma. So dimj<- EndKG(V^'8i p) = dim^ End/fG(p)- Now there is a natural 
ring homomorphism 

EndKG(p) EndKciV » p) 
given by / I— >■ ly ® /. It is easy to see that this map is injective, so it must be an 
isomorphism by considering dimensions. Hence End^cC^® p) ^ division ring by 
Schur's Lemma. 

On the other hand the category Ai is semisimple by Theorem lll.lf a). soV(E)p = 
F"' © ■ ■ ■ © V"' for some simple Vi € M. Therefore 

EndKGiV 'E)p)= M„, © • • • © (A) 

is a direct sum of matrix algebras over division rings Di — EndKoiVi). Since 
EiiidKciy P) is itself a division ring, this can only happen if r — 1 and ni = 1. 
Hence V ® p = Vi is simple. 

(b) Choose n large enough so that p and p' are trivial on ; then the restriction 
of y (g) p to KGP" is isomorphic to both V^'""" p and (y')dimK p' ^ TheorcmEmb) 
now implies that V ^ V' in C, and therefore 

p = Hom^^Gp- (V, V (E)p) = Hom^Gp" {V\ ^' p') = p' 
as A'G-modules by the Lemma. □ 
Combining Theorem lll.lf a). Theorem 1 1 1 . 21 and Theorem 1 1 1 . 31 gives the following 
Corollary. 

(a) There is a bijection between the isomorphism classes of simple objects in Ai 
and pairs {\y], [p]) of isomorphism classes of simple objects V C and p (z A. 

(b) There is an isomorphism of Grothendieck groups 

11.4. The Grothendieck group of Artin representations. We finish this pa- 
per by giving a description of the Grothendieck group of the category A of Artin 
if -representations of an arbitrary pro-p group G. We still assume that i^T is a com- 
plete discrete valuation field of characteristic zero and uniformizer p. Let K{pipoo) 
be the infinite totally ramified field extension of K obtained by adjoining the set 
^poo of all p-power roots of unity to K, and let 

F = GaX{K{pp^)/K). 

We fix an isomorphism <Q^p/'Lp Atp°°, which induces an isomorphism Aut(^poo) — 
Zp^ . Since K is unramified, the action of T on yitpoo is faithful and gives rise to the 
cyclotomic character x '■ T Zp ^ given explicitly by 

cr(A) = A^^*""' foraU ctgF and Aeppoo. 

Imitating [73, §12.4], we define a continuous permutation action of F on our pro-p 
group G by the similar rule 

a.g = for all cr G F and geG. 

If X is a compact totally disconnected topological space, let G°°{X,K) denote the 
if -algebra of locally constant if -valued functions on X. Any continuous action of 
F on X induces an action of F on G°° {X, K) by the rule 

{a.f){x) ^ f{a-^.x) foraU ct G F, / e C°°(A, if), x £ A. 
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Now let p : G — > be an Artin X- representation of G. Then by definition, ker p 
is an open normal subgroup of G, so p{G) is a finite p-subgroup of GL(V^). Let 
Xp '■ G ^ K he the character of p, defined in the usual way by 

Xp(3)=trp(3) for all g G G. 

This function is locally constant, being constant on the cosets of kerp, so Xp ^ 
C°°{G,K). It is also constant on conjugacy classes of G, so Xp G C°°{G,K)^ 
where we let G act on itself by conjugation. If g e G and uji are the eigenvalues of 
p{g), then Lof'"'^'' are the eigenvalues of p{cr.g) for any ct G F. This shows that 

Xpif^-g) = Xpig) for all o- e r and g eG. 

Thus Xp is a F-invariant, locally constant, class function on G: 

XpeG°^iG,Kf'<^. 

Proposition. Let G be a pro-p group, and let A be its category of K -linear Artin 
representations. Then there is a natural K-algebra isomorphism 

X.K®z Ka{A) C^{G,K f^ 

given by x(A «) [p]) = XXp- 

Proof. Let U denote the set of open normal subgroups of G and for each U G Z^, let 
Go{K[G /U]) denote the Grothendieck group of the category of all finitely generated 
(hence finite dimensional) K[G/U] modules. For each pair U,W ^ U such that 
U 3 W, there is a natural commutative diagram 



K(g,z Go{K[G/U]) 



K®z Ga{K[G/W] 



■C°°{G/U,K) 



Gxr 



C°°{G/W,K) 



GxP 



■C^{G,K 



,GxP 



where the vertical maps in the left-hand column are obtained by inflation, and 
those in the right-hand column are obtained by pull-back of functions. Now A 
is the filtered limit of the categories of finite dimensional 7^[G/?7]-modules with 
respect to the inflation functors as U runs over so 

K®zKQ{A)=\miK®j^ Gq{K[G/W]) 

by [Sni Lemma II. 6. 2. 7]. Since each locally constant function on G must be constant 
on the cosets of at least one open normal subgroup U , we also have 



G°°(G,if) 



GxP 



limG°°(G/[/,iC) 



GxP 



Because the top two rows in the diagram are isomorphisms by |73[ Chapter 12, The- 
orem 25], the bottom row must therefore also be an isomorphism. Finally, direct 
sum and tensor product gives Kq{A) the structure of a commutative ring, it is 
straightforward to check that x is additive and multiplicative. □ 
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We finally remark that in the case when G is a uniform pro-p group, Kirillov's 
orbit method provides an explicit bijection between G-orbits in the Pontryagin dual 
of the Lie algebra Lq, and isomorphism classes of irreducible complex Artin repre- 
sentations of G. This bijection is directly compatible with the above isomorphism 
X- See [47] and [20] for more details. 
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